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We study sufficient degree conditions that force a host graph to contain a given class of
trees. This setting involves some well-known problems from the area of extremal graph
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with average degree greater than £ — 1 contains any tree on k + 1 vertices.

Our two main results are the following. We prove an approximate version of the Erdos-
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Chapter 1

Introduction

Typical problems in extremal graph theory ask, how many edges in a graph force it
to contain a given subgraph. A classical example of a result in this area is Turdn’s
Theorem, which determines the average degree that guarantees the containment of the
complete graph K. A more complex example is the Erdés-Stone Theorem [ES46], which
essentially determines the average degree condition guaranteeing that the host graph
contains a fixed non-bipartite graph. On the other hand, for a general bipartite graph
the problem is wide open.

In this thesis we study this question when the embedded graph is a tree. Which
conditions force the host graph G to contain any tree with fixed number of vertices
as a subgraph? The two classical conjectures in this area that we investigate are the
Erdés-Sés conjecture and the Loebl-Komlés-Sés conjecture.

Conjecture 1.1 (The Erdds-S6s conjecture). Every graph G with average degree
deg(G) > k — 1 contains any tree on k + 1 vertices.

Here deg(G) means the average degree of G; similarly, we denote the minimum and
the maximum degree of G by 6(G) and A(G), respectively. Observe that the conjecture
is optimal, since a graph with average degree at most £k — 1 may have only k& vertices.

The conjecture trivially holds when the tree is a star and a classical result of Erdés
and Gallai [EGH9] proves that it also holds for paths. There are many other partial results
concerning the celebrated conjecture. It has been verified for some special families of
host graphs [BD96, [SW97, BD07, WLL00, Dob02], special families of trees embedded
[McL05, [FS07, [Fan13], or when the size of the host graph is only slightly larger than the
size of the tree [Woz96l [Tinl0), (GZ16]. Finally, a solution of this conjecture for large k,
based on an extension of the regularity lemma, has been announced in the early 1990’s by
Ajtai, Komlds, Simonovits, and Szemerédi. This result will be published as a sequence
of three papers [AKSSal, [AKSSd, [AKSSD].

Another well-known conjecture in this area is the Loebl-Komlés-Sés conjecture.

Conjecture 1.2 (The Loebl-Komldés-Sés conjecture). Let G be a graph of order n. If
at least n/2 vertices of G have degree at least k, then G contains every tree on k + 1
vertices.

Note that the conjecture is again almost best possible. The degree k£ cannot be
lowered due to the example of the star K; ;. We have to assume that at least half of the
vertices have high degree due to the following example. Consider a graph consisting of
many disjoint copies of a graph on k 4 1 vertices that we get from Kj; by deleting all
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edges in a subset of vertices of size at least (k + 3)/2. Such a graph does not contain a
path on k£ + 1 vertices.

This conjecture was also verified for some special classes of host graphs [Sof00), [Dob02],
or trees [BLW00, [PS08|. It was proved for dense graphs by [HP16] and, independently by
[Coo09], building on results from [PS12] and [Zhall]. Finally, the approximate version
of this conjecture was proved in a series of four long papers [HKPT17al, [HKP™17bl
HKP*17c, HKP*17d| (see [HPST15] for an overview).

The two main results of this thesis concern these two conjectures and both have a
similar flavour. Firstly, both results are approximate (we get arbitrarily close to the
desired result for large sizes of the host graph) and are nontrivial only if the size of the
embedded tree is linear in the size of the host graph.

Secondly, both results concern the class of skewed trees, i.e., trees such that the size
of one of their colour class is at most rk. This allows us to consider refinements of
the conjectures above, in particular the conditions imposed on the host graph can be
weakened depending on 7.

The first of the two results that we prove in Chapter [3]is the following Erdés-Sés-like
result. Roughly speaking, it states that one can embed a tree with k vertices and skew
r in every large enough host graph with positive proportion of vertices of degree roughly
k and with minimum degree roughly k. We have to further assume that the degree of
the tree is sublinear.

Theorem For any r,n > 0 there exists ny and v > 0 such that the following holds.
Let G be a graph of order n > ng and T a tree of order k with two colour classes 11, T
such that |T1| < rk and A(Ty) < vk. If 6(G) > rk + nn, and at least nn vertices of G
have degree at least k + nn, then G contains T'.

As we will later see, this result is interesting only if k& > nn/2, otherwise there is a
simple greedy way of embedding 7" in G. Hence we interpret this result as one for trees
of size linear in the size of the host graph; only for such a class of trees this result is
nontrivial. A simple consequence of Theorem with » = 1/2 is that the Erdés-Sés
conjecture holds approximately (with error term linear in n) for trees with sublinear
maximum degree.

Theorem For anyn > 0 there exists ng and ~v > 0 such that for every n > ng, any
graph of order n with average degree deg(G) > k + nn contains every tree on k vertices
with mazimum degree A(T) < ~k.

The theorem is again trivial if the size of the tree is not linear in the size of the
host graph. Although this theorem is only a special case of the result of Ajtai, Komlds,
Simonovits, and Szemerédi, we still believe that it is of interest, as its proof is straight-
forward and most probably substantially simpler than their proof.

The main result of Chapter [4] is that the natural extension of the Loebl-Komlés-
S6s conjecture to skewed trees hold approximately for dense graphs (we call this skew
Loebl-Komlds-S6s conjecture).

Theorem For any 0 <r <1/2 and n > 0 there exists ng € N such that for every
n > ng, any graph of order n with at least rn vertices of degree at least k + nn contains
every tree of order at most k such that the size of its smaller colour class is at most rk.
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This result is again nontrivial only for trees of size linear in n.

The following chapter of the thesis contain general techniques for embedding trees
that are then used in subsequent two chapters to prove the two mentioned results together
with several others.

The other results in this thesis include a proof that the Loebl-Komlés-S6s conjecture
holds both for trees of diameter at most five (Theorem and for paths (Theorem
and its algorithmic version Theorem. We also propose several conjectures and prove
another Erdds-Sés-like result for trees of diameter at most four (Theorem [3.6)).

The results in Chapters [3] and [4] will be published in a series of three papers. In the
first paper we provide a proof of Theorem [3.8] in the second paper we prove Theorem
.4 and in the last paper we prove Theorems [3.6] and The last two papers are a
result of joint work with Tereza Klimosova and Diana Piguet. My contribution is in all
three cases proportional to the number of authors of the papers.






Chapter 2

Techniques

In this chapter we introduce several general results regarding embedding of trees that
we will use in subsequent chapters. We start by introducing some terminology and
proposing few simple structural results. Then we introducing the regularity method — a
very efficient tool for embedding results in dense host graphs. This is the basis of our
subsequent results for dense graphs that we prove in Chapters [3] and [4]

2.1 Terminology

Throughout the thesis we use mostly the standard notation. We list all non-usual ter-
minology here.

All graphs in the thesis are simple and loopless. The degree deg(z) of a vertex x is the
number of its neighbours. By deg(x, X') we denote the number of neighbours of z in the
set X. The minimum and maximum degree of G are §(G) and A(G), respectively. We
denote the second largest degree of G by Ay(G), with possible equality Ax(G) = A(G).
Let G be a graph and let X, Y be disjoint subsets of its vertices. We define E(X,Y") as the
set of edges of G with one end in X and the other end in Y; we set e(X,Y) = |E(X,Y)|.
The density of the pair (X,Y) is defined as d(X,Y) = TE?T';) The average degree is
deg(X,Y) = e(X,Y)/|X| = |Y|d(X,Y). The length of the shortest path between two
vertices u, v in G is denoted by dists(z, y). We also sometimes use a symbol T to denote
the class of all trees on k vertices, and 7, to denote the class of tree on k vertices with
skew 7.

When speaking about the Loebl-Komlds-Sés conjecture, we will use the term (r, k)-
LKS graph to denote a graph fulfilling conditions of the conjecture.

Definition 2.1 (LKS graphs). An (1, k)-LKS graph is a non-empty graph that contains
at least rn vertices of degree at least k for 0 < r < % and k > 0.

Furthermore, in the context of the Loebl-Koml6s-Sés conjecture we use the name
L-vertices for the vertices of G with degree at least k. Similarly, S-vertices are vertices
of G that are not L-vertices.

For a given cycle C' denote by 8 and % its two orientations. For v, w € C we denote
by vC'w the path starting at v and following the orientation of C' up to w. We also use
symbols v and v~ to denote the successor and the predecessor of v on C'. We shall use
analogous notation for the other orientation of C' as well as for oriented paths. When
we, for example, write P = u?v, we say that the first vertex of the oriented path is u,
while the last one is v.



T2
w
w Wi W,

Figure 2.1: Trees of diameter four and five — notation.

We denote the diameter of T' (length of the longest path in T') by diam(7"). One can
observe that all trees of diameter at most five have very simple structure (Figure. In
each tree T of diameter at most four there is a vertex x such that all remaining vertices
of T are at distance at most 2 from x. We denote by V' the set of neighbours of  and
define W = N(V) \ {«}. Similarly, in each nontrivial tree of diameter at most five there
are two vertices x1, x5 and vertex sets V;, Vo, Wi, Wy such that V; = N (z;) \ {{z1}U{z2}}
and W; = N(V;) \ {z;}. Moreover, we denote the set of leaf neighbours of z; by V" and
define V/ = V1 \ V/".

2.2 Structure of the host graph

At first note that there is a simple greedy algorithm for embedding a tree T" in a host
graph G: unless the whole T is embedded, choose a yet non-embedded vertex u with
an embedded neighbour v and try to injectively extend the partial mapping ¢ of T' to u
by embedding u in the neighbourhood of ¢(v). If §(G) > |T'|, we will be always able to
injectively extend ¢. We will use this observation several times later on.

It is not hard to see that, when proving the Loebl-Komlés-Sés conjecture, one may
assume that the host graph does not contain any edges between its S-vertices. Another
simple, yet important observation is that when one proves the Erd6s-Sos conjecture, she
may assume that the minimum degree of the host graph is at least k/2. For completeness,
we give a proof here. Moreover, we prove two similar auxiliary lemmas (their versions
for r = 1/2 are known).

Lemma 2.2 (Folklore). Let G be a graph with deg(G) > t. Then it contains a non-empty
subgraph H such that deg(H) >t and §(H) > t/2.

Proof. Let H be a minimal subgraph of G with deg(H) > t and for contradiction assume
that v is its vertex of degree less than or equal to /2. We may erase v from H and the
resulting non-empty graph H’ contradicts its minimality, because

2nd@(H)/2 — deg(v) - 2nt/2 —t/2 .
n—1 n—1

deg(H') =
]

We continue with a similar observation about (r,k)-LKS graphs that will be later
used in Chapter [5] to verify that the skew Loebl-Komlds-Sés conjecture holds for paths.
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Lemma 2.3 (Lemma 5 in [BLWO0| for » = 1/2). Let G be an (r, k)-LKS graph without
edges between its S-vertices. Then it contains a non-empty (r,k)-LKS subgraph H such
that for any subset X C S(H) we have |[N(X)| > r|X]|.

Proof. Let H be a minimal (r, k)-LKS subgraph of G. Suppose that we have X C S(H)
such that |[N(X)| < r|X|. Then we may erase X and the resulting non-empty graph H’
contradicts the minimality of H, because we have

LU [LE)\NX)|  [LE)| = r|X] | VEH)| =] X]
VH) — VDX~ (VH)| =X~ [VH)[ =X

where V(H) and V(H’) denote the set of L-vertices of H and H’, respectively. O

We employ a similar idea once more in the following lemma to show that every (r, k)-
LKS graph contains a subgraph of average degree depending on r and k. A simple
consequence of this result is that if we possess an (r,k + nn)-LKS graph such that
k< %nn, we may embed any tree on k vertices in the host graph by the greedy
algorithm.

Lemma 2.4 (Theorem 5 in [Sof00] for r = 1/2). Each (r,k)-LKS graph G contains a
subgraph H C G such that deg(H) > 21 k.

Proof. We will prove that the required property holds either for G itself or for G[L] —
the subgraph of GG induced by its L-vertices.
Suppose that 2e(L)/|L| = deg(G[L]) < 21 k. From this we get that

,
147

e(L) < |L|k.
From the condition on the degree of L-vertices we have 2e(L) + e(L,S) > |L|k, thus we

have
r

e(L,S) 2 |Llk —2¢(L) > (1 = 2—=—)|L|k.

+7r

For the average degree of G we finally have

deg(G) — 2(e(L) +e(L,S)) _ 2e(L) +e(L,S) +e(L,S) _

n n

Llk+(1—-2-)|L|k
Lk + (L =20 ILk ) Lk v

1+r

k.
n (I4+r)n — 1+7r

2.3 The regularity method

In this section we introduce the regularity method, a well-known technique that can be
applied for embedding trees. The main idea behind the method is that we try to use
the fact that it is generally easier to embed trees in random graphs, as their expansion
properties can compensate for the lack of edges. Large dense graphs are behaving in
a pseudorandom way (this is the regularity lemma), hence it is possible to successfully
apply this idea to them.



2.3.1 The regularity lemma

We say that (X,Y) is an e-regular pair, if for every X' C X and Y’ C Y, |X'| > ¢|X|
and |Y'| > ¢|Y|, [d(X",)Y") —d(X,Y)| <e.

Next well-known lemma states that subsets of regular pairs to some extend inherit
the regularity of the whole pair. For more on the lemma, see e.g. [Dvo], or [Die97].

Lemma 2.5. Let G be a graph and (X,Y) be an e-reqular pair of density d in G. Let
X' C X andY C Y such that | X'| > o|X| and |Y'| > «|Y|. Then, (X',Y') is an
e’ -reqular pair of density at least d — e, where €’ = max(e/a, 2¢).

We say that a partition {Vy, V1,...,V,} of V(G) is an e-regular partition, if |Vy| <
e|[V(GQ)] all but at most em? pairs (V;,V;), 1 < i < j < m, are e-regular. Each set of
the partition is called cluster. We call the cluster V| the garbage set. We call a regular

partition equitable if |V;| = |V;| for every 1 < i < j < m.

Lemma 2.6 (Szemerédi regularity lemma). For every e > 0 there is ng and M such
that every graph of size at least ng admits an e-reqular equitable partition {Vy, ..., Vy}
with 1/e <m < M.

Given an e-regular pair (X,Y), we call a vertex x € X typical with respect to a set
Y' C Y if deg(z,Y’) > (d(X,Y) —¢)|Y’|. Note that from the definition of regularity it
follows that all but at most €| X| vertices of X are typical with respect to any subset of
Y of size at least €|Y'|. This observation can be strengthened as follows.

Lemma 2.7 (Lemma 4 in [KPRIS|). Let {Vy,Vi,...,Vin} be an e-reqular partition of
V(G) and let X = V; for some 1 < j < m. Then all but at most \/e|X| vertices of a
cluster X are typical w. r. t. all but at most /em sets V;, i € {1,...,m}\j. In Chapter
[4 we call such vertices of X ultratypical.

2.3.2 Partitioning trees

Here we state a crucial lemma from [HKPT17d| that allows us to partition the tree
in controllable number of small subtrees that we also call microtrees. These trees are
neighbouring with a set of vertices of bounded size consisting of vertices that we call
seeds. Moreover, we need to work separately with seeds from different colour classes of
T. In the following definition, the set W4 U Wpg is the set of seeds of T" and the set
D4 U Dg is the set of its microtrees.

Definition 2.8. [HKP" 17d, Definition 3.3] Let T be a tree on k + 1 vertices. An (-fine
partition of T is a quadruple (Wa, Wg,Da, Dg), where Wa, Wy C V(T) and Dy and
Dpg are families of subtrees of T' such that

1. the three sets Wy, Wy and {V(K)}kep,up, partition V(T) (in particular, the
trees in K € Do UDg are pairwise vertex disjoint),

2. max{|Wa|, [Wg|} < 336k/¢,

3. for wi,wy € Wy U Wpg their distance is odd if and only if one of them lies in Wy
and the other one in Wp,

4. |K| < € for every tree K € Dy U Dg,
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5. for each K € Dy we have Np(V(K))\ V(K) C Wa. Similarly for each K € Dg
we have Np(V(K))\ V(K) C Wpg.

6. INV(K))N(WaUWpg)| <2 for each K € Dy U Dgp,

7. if N(V(K))N(WaUWpg) contains two vertices z1, zo for some K € DaUDg, then
diStT(Zl, 2’2) Z 6.

We did not list all properties of /-fine partition from [HKP™17d|, only those we need.

Lemma 2.9. [HP106, Lemma 5.3] Let T be a tree on k+ 1 vertices and let £ € N, { < k.
Then T has an (-fine partition.

In the subsequent applications we are always working with ¢ = [k for some small
8> 0.

Observe that the structure that we work with is actually very similar to the structure
of the tree of diameter five — the seeds W, Wg behave similarly to the two vertices 1, 2o
and the four sets V(UDa) N N(Wa), V(UD4) \ N(Wa),V(UDs)NNWg),V(UDg) \
N(Wp) are similar to the sets Vi, Wy, Vo, Wy, This is the reason, why we always aim
to prove any embedding result at first for trees of small diameter (cf. Theorem and
Theorem . Although the class of such trees may not be of particular interest by itself,
the proof guides us towards a general proof for all trees in the dense setting. In Chapter
devoted to local approach to Erdds-Sés conjecture, we are not able to prove a general
result for trees of diameter five, only for trees of diameter four (Theorem . Similarly,
we are not later able to prove a general result for all trees in the dense settings (such
a result actually cannot hold there). This is the reason, why we turn our attention to
trees of sublinear degree that still form a rather general class of trees. For each such tree
we can additionally suppose that the seeds of its /-fine partition are only in one colour
class, thus the structure of this one-sided (-fine partition resembles the structure of trees
of diameter four.

Definition 2.10. Let T' € T.y1 be a tree and Ty, Ty its colour classes. Let A =
max,er, deg(v). A one-sided (-fine partition of T is a pair (W, D), where W C V(1)
and D =D UD" is a family of subtrees of T such that

1. the two sets W and {V(K)}kep partition V(T),

IS

LW < 336k(1 4+ A) /0,

(%)

. |K| < € for every tree K € D,

4. For each K € D we have Np(V(K))\ V(K) C W.

©

We can split D into two subfamilies, D = D' LU D", in such a way that all trees
from D' have at most two neighbours zy,z2 € W such that disty(z1, z2) > 4, while
all of at most 336k/( trees from D" are singletons with at most A neighbours in

w.

Lemma 2.11. Let T € Tpiq and let £ € N, ¥ < k. Then T has a one-sided (-fine
partition.

11



Proof. Let (W, Wg,Da,Dg) be an (-fine partition of 7. Suppose that Wy C T5. Let
W =W, U N(Wpg) and define D as the set of trees of the forest 7'\ W. The conditions
(1), (2), and (4) are clearly satisfied. Each vertex from W is now a singleton tree in D.
Define D" as the family of these singleton trees and set D' = D \ D”. Each tree in D"
clearly satisfies the conditions (3) and (5). Each tree from D’ is either a tree from Dy,
or a subtree of a tree from Dpg, all such trees satisfy the condition (3). Finally recall
that for each tree from D4 U D with two neighbours z; and zy in W4 U Wy we have
distr(z1,22) > 6. Thus, all trees from D, satisfy the condition (5). Each tree from
Dp with two neighbours 21, 2o € W was split into one tree with two neighbours in W,
such that their distance in 7' is at least 4, and maybe several other trees with only one
neighbour in W. All such trees also satisfy (5). O

2.3.3 Embedding in regular pairs

In this section we present three embedding lemmas. The first will be used in Chapter
to embed the seeds of a one-sided partition, together with the set D", in vertices of two
neighbouring clusters.

Proposition 2.12. For any d, 3, > 0, € < d*/100 there exist ko and v > 0 such that
the following holds.

Let T be a tree of order k > ko and Ty one of its colour classes such that A(Ty) < ~vk.
Moreover, let (W, D), D = D' LUD" be its one-sided Pk-fine partition. Let vi and v
be two clusters of vertices forming an e-reqular pair of density at least d. Suppose that
|vi| = |va| > k/Mpg(e), where Mipg(e) is the output of the regularity lemma (Lemma

with an input €. Let U C vy, |U| < 2y/e|vy|. Then there is an injective mapping ¢
of WU (UD") that embeds vertices of W in vy \ U and vertices of UD" in va.

Proof. Choose 7, kg > 0 such that

__ pd
7= 2000Mgg(e)’
1
k(] - j
v

Note that in this case we have

U 336(1 + k) _ 5007k
; B
_A B 5008dk ~dk
 B-2000Mgg(s)  AMipg(e)

d
il > k/Mge) | S Z|V1"

< W[ <

Take an arbitrary vertex r € D" of T and root the tree at r. Order all vertices
of WU (UD") according to an order, in which they are visited by a depth-first search
starting at r. Let U’ C vy Uvy be the set of vertices of vi not typical to v, together with
vertices of vy not typical to vi. We will provide an algorithm that gradually defines a
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partial embedding ¢ of the vertices of W U (UD”) such that (W) C v, \ (UUU’) and
(UD") C vy \ U

We iterate over the sequence xi, sy, x3,... of vertices from W U (UD”), where the
vertices are ordered by the depth-first search. In the i-th step we deal with the vertex
x = x;. At first we deal with the case x € W.

Suppose that y € UD” is the already embedded parent of = (if y € UD”, our task is
simpler). We want to embed x in an arbitrary neighbour of y in v \ (U U (W)U U’).
To do so, it suffices to verify that N(y)\ (UU@(W)UU’) is nonempty. This can be done
with the help of the fact that p(y) is typical to v, and together with our bound on |W|:

INW\ U UeW)UU')| = vi|((d — ) — 2V - Z —¢)>0.

Similarly, suppose that = € [JD”. From the definition of D” we know that its parent
y is certainly in W and ¢(y) is typical to vo. Now we similarly verify that

> |vz\((d—5)—j—5) > 0.

N (o (UP) o)

]

Next we state another proposition that will help us in Chapter [3|to embed small trees
from a fine partition of T in the regular pairs of the host graph. The result is folklore.

Next, we state a similar proposition that enables us to embed small trees from a fine
partition of T" in the regular pairs of the host graph. The proposition is a variation on
a folklore result and is similar to e.g. Lemma 5 in [KPRIS].

Proposition 2.13. For all 1 > d,e > 0 such that ¢ < d*>/100 there exists 3 > 0 such
that the following holds.

Let vi,u, v be three clusters of vertices such that viu and uv are e-regular pairs of
density at least d. Let vy, v9 be two (not necessarily distinct) vertices of vi. Suppose that
|vi| = |u] = |v| > k/Mpg(e). Let K be a tree of order at most Sk and let x1, x5 be its
two vertices from the same colour class of K such that if vi # vy, then x1 # x5. Let U be
a subset of vertices of uUv such that [u\U| > 4y/e|u| and |v\ U| > 4y/e|v|. Moreover,
suppose that either

1. the vertices vy, vy are typical to u and deg(vy,u) — |[U Nu| > 44/¢|u|,
2. or we have |N(v;) N (u\U)| > 3¢|u| fori=1,2.

Then there is an injective mapping ¢ of K inuUv such that o(K)NU = (). Moreover,
©(z1) is a neighbour of vi and @(xs2) is a neighbour of vs.

Proof. We show the proof for the harder case when v; # vy. Choose

B =e/Mpg(e).
From this we get
k. Mgge) k Bk
T R SR

13



Note that u\ U contains at least 3¢|u| vertices, and similarly for v. Hence there are
at most e|u| vertices in u that are not typical to v \ U, and similarly for v. We will use
only typical vertices for embedding, so let U’ denote the set U together with vertices not
typical to u\ U or v \ U, respectively. Observe that for each such vertex u € u we have

IN@) N (v\U)| = (d=e)lv\U| —elv|

> (d - e)dV/e|v| —elv]
> VE-AVElv| - elv] 2 22y
> e|v|+ Bk > elv| + | K],

and similar holds for any u € v. This means that during embedding we may always find
a neighbour of w in v \ U’ that was not yet used for embedding. The same applies for
both vertices vy, vo. In the case (1) the vertices vy, vy are typical to u and hence we have

IN(vi) N (u\U)| > (d(vi,u) = ¢)[u] — [U" Nl
> deg(vyi,u) — |[U Nu| — 2¢|u]
d8E(v1,u) — |U Nl 24\/E\u|‘ > 4\/§|u| — 2¢e|u| > 2¢|u]

> elu| + Bk = elu| + | K],

while in the case (2) we have

IN(vi) N (u\ U] > [N(v;) N (u\U)| —elul
[INwo N o) = el | > 2eul

> elul + Bk > elul + | K].

We start by embedding the path t; = x1,%s, ...ty = o connecting x; with x5 in K.
Embed z; in an arbitrary vertex of u\ U’. For i going from 2 to ¢ — 2 we always map
t; to a neighbour of ¢(t;_1) not lying in U’. Now we observe that both N(ve) N (u\ U’)
and N(t;—2) N (v \ U’) have sizes at least ¢|vy|, thus there is an edge connecting those
two neighbourhoods. Map t,_; and ¢, in the two endpoints of the edge. The rest of the
tree can be then embedded in the greedy manner. O

Finally, we state a very similar lemma that will be used in Chapter [4

Lemma 2.14. Let T be a tree with colour classes Fy and Fy. Let R C Fy, |R| < 2 such
that vertices of R do not have a common neighbour in T (if |R| = 2).

Let ¢ > 0 and o > 2e. Let (X,Y) be an e-reqular pair in a graph G with density
d(X,Y) > 3a such that |Fi| < €|X| and |Fy| < €]Y|. Let X' C X,Y' C Y be sets
satisfying | X'| > 25| X1, |Y'| > 2£|Y].

Let ¢ be any injective mapping of vertices of R to vertices of X' with degree greater
than 3¢|Y'| in Y'. Then there exists extension of ¢ that is an injective homomorphism

from T to (X,Y) satisfying o(F1) C X' and ¢(Fy) C Y.

Proof. We embed vertices of V(T') \ R into vertices of X’ and Y’ which are typical to
Y’" and X', respectively. Assume that we have already embedded some part of the tree
in this way. We claim that every vertex of this partial embedding in X is incident with
more than €|Y| vertices typical with respect to X’ which have not been used for the
partial embedding. Similarly, every vertex of the partial embedding in Y is incident
with more than e|X| vertices typical with respect to Y’, which have not been used for
the partial embedding.

14



We give arguments only for vertices embedded into X, arguments for vertices embed-
ded into Y are symmetric. For p(r) € X, r € R, the claim follows from the fact that ¢(r)
has more than 3¢|Y| neighbours in Y’ and out of them, at most |Y'| are not typical with
respect to X’ and at most £|Y| have already been used for the partial embedding. Let
e(v), v € V(T)\ R be a vertex of the partially constructed embedding and without loss
of generality assume ¢(v) € X’. Since p(v) was chosen to be typical with respect to Y, it
is adjacent to at least (d—¢)|Y”’| vertices of Y. Again, out of these vertices, at most €|Y|
are not typical with respect to X’ and at most €|Y| have already been used for the partial
embedding. Thus, ¢(v) is typical to at least (d —¢)|Y'| — 2¢|Y| > ((d — €)2& — 2¢)|Y].
This is strictly greater than ¢|Y|, since d > 3 and o > 2¢.

It follows that if |R| < 2, we can construct embedding greedily.

If |R| =2, R = {u,v}, we first embed vertices of a path connecting v and v, starting
from u and embedding all but the last two internal vertices of a path into typical vertices,
last embedded vertex being u’. Then we find an edge between the sets the set X” of
vertices of N(u') which are typical to Y’ and set Y of vertices of N(v) which are
typical to X'. Since, X” and Y” have size greater than | X| and €|Y|, respectively by
our previous argument, from e-regularity of (X,Y’), it follows that there is an edge zy
between X” and Y”. We embed the last two internal vertices to x and y.

[
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Chapter 3

A local approach to the Erdos-Soés
conjecture

After one verifies that the Erd6s-Sos conjecture is true both for trees of diameter at most
three, and for paths (this was done already by Erdés and Gallai in 1959 [EG59]) one can
observe that such trees can be embedded even in the case when the host graph contains
a vertex of degree at least & and its minimum degree is at least k/2. This is trivial for
trees of small diameter, while for the case of paths this follows from the mentioned proof
of Erdés and Gallai.

While this local condition on the minimum and maximum degree of G, indeed, suffices
both for these special cases, it already fails for trees of diameter four, as is demonstrated
by the following example from [HRSWT6]. Let T be a tree consisting of a vertex con-
nected to centres of three stars on k/3 vertices and let G' be a graph consisting of a vertex
complete to either two cliques of size k/2, or Kj/s1/2. Then A(G) > k and §(G) > k/2,
but 7" is not contained in G (see Figure [3.1). This example shows that it would be
naive to try to prove the Erdos-Sés conjecture in the most general setting using only the
local consequence of the bound on the average degree on the maximum and minimum
degree of G. We will actually show in Section |3 that trees of diameter at most three and
paths are special cases; with high probability, a random tree on k + 1 vertices cannot be
embedded in the host graph with two cliques from Figure |3.1

Despite this fact, we devote this chapter to this local approach to the Erdos-Sos
conjecture, showing for example, that it can be used to prove an approximate version
of the Erdds-Soés conjecture for trees such that their size is linear in the size of the host

N

—_———— Kk/2 Kk/Z k/2,k/2
g — 1 leaves

Figure 3.1: A tree on k + 1 vertices and two host graphs of the same size showing that
there are graphs with A(G) = k and 6(G) > k/2 that do not contain a tree on k + 1
edges. The example is taken from [HRSWI6].
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graph, while their maximum degree is sublinear. The idea to use only conditions on the
minimum and maximum degree comes from the paper of Havet, Reed, Stein, and Wood
[HRSW16].

We discuss the following natural questions.

1. Which trees can be embedded in any host graph satisfying A(G) > k and §(G) >
k)27

2. What is the smallest constant ¢; such that every graph with A(G) > k and §(G) >
c1k allows embedding of any tree with k41 vertices? Strictly speaking, the smallest
constant may not exist. On the other hand, setting ¢; = 1 clearly suffices.

3. Is there a minimal ¢y such that every graph with A(G) > ¢k and 6(G) > k/2
allows embedding of any tree with k + 1 vertices?

4. What is the minimal number of vertices of degree at least k that a graph G with
d(G) > k/2 has to contain, so that it then allows embedding of any 7" on k + 1
vertices?

The second question was considered in the paper of Havet, Reed, Stein, and Wood
[HRSW16], and we only state their results.

1) Restricting the class of embedded trees

We observe that the example graph with two cliques from Figure [3.1] actually provides
a large class of trees on k + 1 vertices that cannot be embedded in this graph.

Proposition 3.1 (S. Wagner, personal communication). For even k it holds that the
probability that a random unlabelled tree of size k + 1 can be embedded in the graph G
consisting of a vertex complete to two cliques of size k/2 is in O(k~'/?).

Proof. We at first classify trees on k 4 1 vertices that can be embedded in G. A vertex
u € T is a centroid, if after removing it from T we obtain a family of trees such that
each tree is of size at most k/2. Since the size of the graph is the same as the size of the
tree that we embed, only a centroid of 7" can be embedded in the vertex of G complete
to all other vertices. Since k + 1 is odd, the centroid of the tree is unique. Hence T
can be embedded if and only if the subtrees created after removing its centroid can be
partitioned into two classes such that the number of vertices in each class is k/2. We
call such trees balanced.

Let 7, be the number of unlabelled rooted trees with k vertices. A formula of Otter
(see e.g. page 481 of [FS10]) states that r, = ©(k~3/2 - B¥) for some positive constant
B. Similarly, the number of unlabelled unrooted trees sy is in ©(k~>/2- B¥) for the same
constant B (again page 481 of [F'S10]).

Note that the number of balanced trees of order k + 1 is at most 77, ,, since each
such tree can be decomposed into two rooted trees with k/2 + 1 vertices each. Hence
the number of balanced trees is in O(k~2B*). Comparing this with the sequence sy, we
conclude that the probability that a random unlabelled tree is balanced goes to 0 at a
rate of at least k—1/2.

O
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2) Greater minimum degree

The second question was considered by Havet, Reed, Stein, and Wood in [HRSWI16].
They conjectured the following:

Conjecture 3.2 (Conjecture 1.1 in [HRSW16]). If G is a graph such that §(G) > |2k/3]
and A(G) > k, then G allows embedding of any tree on k + 1 vertices.

As one can see from the example in Figure [3.1] this is tight. As an evidence for their
conjecture, they prove its two following weakened variants. The first variant relaxes the
condition on the maximum degree:

Theorem 3.3 (Theorem 1.2 in [HRSW16]). There is a function g such that any graph
G with 6(G) > |2k/3] and A(G) > g(k) allows embedding of any tree on k + 1 vertices.

The second weakening on the other hand shows that the constant ¢; from the second
question is strictly smaller than 1.

Theorem 3.4 (Theorem 1.3 in [HRSWI16]). There is a constant € > 0 such that if G is
a graph with §(G) > (1 — )k and A(G) > k, then G allows embedding of any tree on
k + 1 wvertices.

3) Greater maximum degree

The third question seems to be similar to the previous one. The example in Figure
shows that we have to take A(G) > 4k/3. We conjecture that this is tight:

Conjecture 3.5. If G is a graph such that §(G) > k/2 and A(G) > 4k/3, then G allows
embedding of any tree on k + 1 vertices.

If true, this conjecture would imply that the constant 2/3 from Theorem can
be improved to 1/2. We were able to verify the weakening of Conjecture with
A(G) > 4k/3 replaced by A(G) > g(k) for some function g for trees of diameter at most
four.

Theorem 3.6. If G is a graph with 6(G) > k/2 and A(G) > 2k7, then G allows

embedding of any tree from on k + 1 vertices of diameter at most four.

Note that the Erdds-Sés conjecture was also verified for trees of diameter four in
[McLO05], but these two results are incomparable.

4) Many high degree vertices

Finally we consider the question of how many vertices of degree k a graph with G with
0(G) > k/2 has to have so as to contain all trees on k + 1 vertices. We propose the
following conjecture.

Conjecture 3.7. Every graph G on n vertices with 6(G) > k/2 and at least SF vertices
of degree at least k contains every tree of order k + 1.
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Note that the fraction 2# cannot be substantially improved due to the following
example in the spirit of example from Figure |3.1]

Let k be an odd square and 7" be a tree of order k+ 1 consisting of a vertex connected
to centres of vk stars on vk vertices. Let G be a graph consisting of two disjoint cliques
of order % and %, and an independent set of @ vertices complete to both cliques.
A simple calculation shows that the proportion of high degree vertices of G is

VEk—1 1
2 < .
k4 YL vk

Note that for any ¢ < 1 the left hand side is larger than 2\% for sufficiently large k. One
can check that G does not contain 7.

We prove a weakened variant of Conjecture Specifically, we show that it is
asymptotically true if the number of high degree vertices of G as well as the size of the
tree T is linear in the size of G and, moreover, the maximum degree of T is sublinear.
As we have already mentioned, we state a finer version of this result for skewed trees.
Specifically, if we know that the skew of 1" is at most r, then G contains T even if its
minimum degree is roughly rk.

Theorem 3.8. For any r,n > 0 there exist ng and v > 0 such that the following holds.
Let G be a graph of order n > ng and T' a tree of order k with two colour classes T, Ty
such that |Th| < rk and A(Ty) < vk. If 6(G) > rk + nn, and at least nn vertices of G
have degree at least k + nn, then G contains T'.

We postpone the proof of this theorem to the last section of this chapter. As a special
case for r = 1/2, we get the following weakening of Conjecture

Corollary 3.9. For any n > 0 there exist ng and v > 0 such that the following holds.
Let G be a graph of order n > ng and T a tree of order k such that A(T) < ~k. If
3G) > k/2 + nn, and at least nn vertices of G have degree at least k + nn, then G
contains T'.

Finally, Corollary yields an approximate version of the Erdos-Sés conjecture for
trees with sublinear degree.

Theorem 3.10. For any n > 0 there exist ng and v > 0 such that for every n > ng, any
graph of order n with average degree deg(G) > k + nn contains every tree on k vertices
with mazimum degree A(T) < ~k.
Proof. Let ' = n/2 and let G be a graph on n > ng = M‘ﬁgm) vertices (here no cgg(n’)
means the output of Corollary with input 7). Suppose that k& > nn/2.

We choose a subgraph G’ C G such that deg(G’') > k + nn and 6(G’) > k/2 +nn/2.
Hence we know that the size of G’ is at least k 4+ nn > nn > n0,CB3}

We claim that at least 7'|G’| vertices of G’ have degree at least k + n'n and hence
we may apply Corollary Otherwise, most of the vertices of G’ have degree less than
k + n'n and we may compute that

deg(G) <n'-n+ (1 —n")-(k+nn) <nn+(k+nn)=k+2nn <k+nn,
a contradiction. ]
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k/2+nn k/2 +nn

rk +nn rk +nn

nn

Figure 3.2: Example showing that the condition on bounded degree is needed in the
statement of Theorem 3.8

Let us state one more remark regarding Theorem Although the result of Ajtai,
Komlés, Simonovits, and Szemerédi [AKSSal [AKSSc, [AKSSb| implies that the condition
on the maximum degree A(7T") in Theorem is only an imperfection, it cannot be
omitted in the statement of Theorem B.8 We show that the theorem is false if we omit
this condition.

Specifically, we show that for all 0 < r < 1/3 there exists n > 0 such that the
following is true. Let G be a graph on n vertices consisting of two disjoint copies of
complete bipartite graphs with colour classes of sizes rk + nn and k/2 + nn. Moreover,
nn additional vertices are complete to both larger colour classes of the two bipartite
graphs (see Figure . Let T be a tree on k vertices consisting of a vertex x complete
to centres of rk stars of sizes |1] and [1]. The smaller colour class of T has size rk.
Note that for fixed r the maximum degree of this smaller colour class of T" is constant,
though it is not true for the larger colour class, hence Theorem does not apply. We
claim that the tree T is not contained in G if we choose 1 sufficiently small. Suppose
that there is an embedding of T in . Since G is bipartite with one colour class of size
at most 2rk + 3nn < (1 — r)k if k is big enough and 7 sufficiently small, the vertex
x must be embedded in the larger colour class. Out of (1 — r)k — 1 leaves at least
(1=r)k—=1—nn-[1] > k/2+nn have to be embedded in the same colour class as z, a
contradiction.

Theorem is thus an example of an asymptotic result that does not seem to have
a natural exact strengthening. On the other hand, we believe that the assumption on
the sublinear maximum degree in Corollary [3.9) can be dropped.

3.1 Proof of Theorem [3.6

In this subsection we prove Theorem [3.6] For trees of diameter four we use the notation
from Section [2l The proof is reasonably straightforward, because due to the assumption
that there is a vertex with huge degree, we have a lot of flexibility, if we place the central
vertex € T' in the highest degree vertex of G. On the other hand, it does not always
suffice to embed ¢ in the highest degree vertex — as a counterexample consider GG to be
a complete bipartite graph with one partite of size k/2 and the other partite arbitrarily
huge. If |IW| > k/2, its central vertex has to be embeded in a low degree vertex. This
harder case, however, does not occur when |W/| < k/2. This will be crucial in the next
subsection, where we prove the corresponding result for dense graphs, being guided by
the approach for small diameter trees from this section.
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Uy

Figure 3.3: Two embedding configurations from Lemma (left) and Theorem (3.6
(right).

Before proving Theorem [3.6] we propose the following lemma.

Lemma 3.11. If T € Tpyy and G is a graph with A(G) > 2k - Ay(G)Hm(T)=2 gnd
G) > k/2, then G allows embedding of T

Proof. Let u be the vertex of degree A. We find a sequence of vertices vy, ..., v in N(u)
such that for each 1 <4,5 < k, @ # j, we have diste (uy (v, v;) > diam(7T") — 1. We find
the desired set in k steps. In the ¢-th step we choose the vertex v; and mark all vertices
in G such that their distance to v; in G \ {u} is at most diam(7") — 2. In each step we
choose the new vertex only from the vertices that have not been marked yet (see Figure
. Since the number of vertices with their distance to fixed vertex being precisely ¢
can be bounded by A(G’)* = Ay(G)¢, the number of marked vertices in each step is
bounded by

AQ(G)O + AQ(G)I 44 Az(G)diam(T)—2 < 2A2(G)diam(T)—2 )

Thus, as (k — 1) - 2A,(G)¥#™(M=2 1 1 < A(G), we may, indeed, find all the vertices
v1,...,V; using the described procedure.

The embedding of T" is now straightforward. Let ¢ be a centre of T, i.e., a vertex of
T such that the subtrees T1,...,T, of T\ {c} are of sizes at most (k+1)/2 —1 < k/2.
If there are two centres, we choose any. We embed ¢ in u and then gradually embed the
subtrees T, ..., T,. We embed the root of each T; in v; and then proceed with embedding
of the rest of T} in G'\ {u} by the greedy method. This can be done for all the subtrees,
because we know that 0(G \ {u}) > k/2 —1 > |T;| — 1 and two overlapping trees T; and
T; would imply that there is a path of length diam(7") — 1+ 2 = diam(7) +1in T, a
contradiction. ]

We now proceed with a proof of Theorem

Proof. Let ug be the vertex of G of degree A(G). We define L as the set of vertices of
degree at least k and let S be its complement. Invoking Lemma |3.11] we further assume
that Ay(G) > k3 +1 as otherwise we would have 2k (k3)172 < A(G). Let u be the vertex

22



of G\ {up} of degree Ay(G). Erase the edge uuy if present; now we assume that all of at
least k2 neighbours of u are S-vertices, otherwise we would get a smaller counterexample
by deleting an edge between two L-vertices, neither of them being wuy.

Let x be the vertex of T such that the distance of all vertices of T' to x is at most
two. Let T4,...,Tjv|,|T1| = --- > |Tjv|| be the star subtrees with roots 1, ...,y that
are children of x.

We now find a sequence of vertices vy, . .., vy in N(u) such that (N (v;) Uv;) N (N (v;)U
v;) NS = (. Similarly to Lemma , we do this in a simple step-by-step manner. In
the ith step we choose any unmarked vertex from N(u) and mark the vertex itself, its
at most k/2 — 1 S-neighbours and at most k& neigbours of each of these vertices. Since

(k—1)(1+(k/2—-1)+k(k/2—1))+1< k> <|N(u)l,

we find all the vertices vy, ..., v, by this procedure.

We now consider two cases depending on the skew of T. At first suppose that
V| > |W| and, thus, |W| < k/2 — 1. We embed r in u (i.e., set ¢(r) = u) and proceed
with embedding its subtrees T, ..., Tjy|. In the ¢-th step we start by embedding r; in v;.
Then we embed its leaf neighbours in the vertices from N(v;) that have not been used
yet for embedding. As we know that no two vertices v;, v; are connected by an edge, we
may, indeed, always do it, because deg(v;) > k/2 > |[W| + |{r}|.

Further we assume that |V| < |W/|. If we had that |N(v;) 0S| > |T1] — 1 for all
1 < i < ay, we could embed T by setting ¢(x) = u, ¢(y;) = v; for all i and finally
embedding at most |77 — 1 leaf neighbours of all vertices y; in their S-neighbourhood.
Thus, we assume the existence of a vertex v € {vy,..., v} such that |[N(v)NS| < |Ty|—2.
Set L, := N(v)N L and S, := N(v) N S. Note that |L,| + |S,| > k/2 (see Figure [3.3).

We set ¢(z) = v and then proceed by step-by-step greedy embedding of subtrees
T, Tivi-1,-.. in G\ L,. We can continue this process while it is for [V| > ¢ > 1 the
case that each vertex in ({v} U N(v)) \ L, has degree at least [{z} UTjy U---UT,| -1
in G\ Ly, i.e., while it holds that

|T|V|| 4.+ |T£| < k/2— |Lv| < |Sv|

In the following, let ¢ be the smallest number satisfying the inequality, i.e., we have
embedded trees Ty, ...,Tjy|. Now we consider two cases. At first suppose that z has
at least |S,| leaf neighbours. The preceding procedure than embeds the last |S,| leaf
subtrees Tjy|—|s,+1,- - -, Jv| in S,. Observe that |V| < |[W] implies |V| < k/2. Hence,
|Ly| > k/2—|Sy| > |V| =Sy, thus we can embed the vertices y1,...,yv|-|s,| in L, and
finish with embedding their leaf neighbours by the greedy method.

In the second case we embed the vertex y,_; in u € L,. We know that |Tp_i| + -+
|Tiv|| > |Su|+1. Now it suffices to show that |L,| > ¢—1, because then we can embed all
the vertices yi,...,yr—o in L, \ {u} and then finish by embedding their leaf neighbours
in a greedy manner.

From the fact that all subtrees T1, ..., T, » have size at least two and |T1| > | S, |+ 2
we conclude that

To| + - + Tz 2 k= ([So] +2) = (ISu] +1) = k = 2|5, = 3.

Note that each tree T, ..., Ty_o is of size at least two, thus

3
- |Sv"

(_3< |T2|+"2'+|TgQ| Sk_

2
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If k is odd, we have |L,| + [S,| > 1, thus ¢ — 3 < EH= — | S | <|L,| — 2. If k is even,
we have actually ¢ — 3 < 24 — |5, || thus we also get £ — 3 < |L,| — 2. In either case it
holds that ¢ — 1 < |L,|, as desired. O

Observe that the proof of Lemma and Theorem can be easily altered to give
a proof of the following result.

Proposition 3.12. If G is a graph with 6(G) > rk, r < 1/2 and A(G) > 2k7, then
G allows embedding of any tree from T\l of diametr at most four such that its smaller
colour class contains the vertex x such that the distance of all other vertices of T from
x 18 at most two.

Indeed, it suffices to look only at configurations in which we embed the vertex z in
the highest degree vertex. This is similar to the proof in the next section.

3.2 Proof of Theorem [3.8

In this section we prove Theorem We split the proof into three parts. At first we
preprocess the host graph by applying the regularity lemma and we partition the tree
by applying Lemma [2.1T} In the second part we find a suitable matching structure in
the host graph. In the last part we embed the tree in the host graph.

Preprocessing the host graph and the tree
Fix n,r. Suppose that n < 1. Choose d, ¢, 3, ng such that

g )’
1000
_ (grd)®
1015 )
o nd
£ = min (BPIEZEI(CL& 1), ML]EK@) )

v = vrzza(d €, ),
ny = max (ng,m(e), Q,HO,Pm(d)ga 5)) :

Let G be a fixed graph on n > ng vertices with at least nn vertices of degree k+nn and
with 0(G) > rk 4+ nn. Suppose that & > nn/2. We apply the regularity lemma (Lemma
on G with ;g = € and obtain an e-regular equitable partition Vg, Vi,..., V,, with
1/e < m < Mgy, clusters. Each cluster has average degree at least rk + nn.

Erase all edges within sets V; of the partition, between irregular pairs, and between

pairs of density lower that d. We have erased at most m - ("/Qm) < %2 < en? edges

withing the sets V;, at most em? - (n/m)* = en? edges in irregular pairs, and at most
(’;‘) -d - (n/m)* < d-n? edges in pairs of low density. Erase the garbage set V; and all
of at most en - n incident edges. Note that we have erased at most (3¢ + d)n? edges. We
abuse the notation and still call the resulting graph G.

Note that the quantity > <;<,, |Vi| - deg(V;) dropped down by at most (6e + 2d)n>.

Thus there are at most v/6¢ + 2d - m clusters such that their average degree dropped
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down by more than /6¢ + 2d - n. Delete all such clusters and incident edges. We again
call the resulting graph GG. The average degree of each cluster of G' that was not deleted
at first dropped by at most v/6¢ + 2d - n. Then we erased at most v/6¢ + 2d - m clusters,
so now it is at least 7k +nn —2-v/6e + 2d-n > rk+nn/2. Moreover, G contains at least
(n—e—+/6e + 2d)n > nn/2 vertices of degree at least k+nn—2-1/6¢ + 2d-n > k+nn/2.
Hence, there exists a cluster, without loss of generality it is V7, such that the proportion
of vertices of degree at least k+nn/2 in that cluster is at least /2 > €. If we denote by
L this set of high degree vertices of V}, we thus we have deg(V,V;) > deg(L,V;) — ¢|V]
from regularity of each pair (V4,V;). This yields that deg(V;) > deg(L) —en > k+nn/3.

The cluster graph G of G is a graph such that its vertex set are the clusters of GG
and there is an edge between two vertices of G if and only if there is a regular pair of
density at least d between the corresponding two clusters in G. The weight of each edge
uv is the average degree of u in v. We use boldface font to denote the vertices and sets
of vertices of G. The vertex set of G is denoted vy,...,Vv,,, where each v; corresponds
to the cluster V; of G.

After preprocessing the host graph we turn our attention to the tree T. Let T7,T5
be its colour classes such that |T}| < rk and A(T3) < vk. We apply Lemma with
parameter ¢;p1q = Sk and obtain its one-sided [k-fine partition (W, D), D = D' U D"
such that |W| < 336(1 + vk)/B and |UD"| < 336/5. Moreover, for each K € D’ we
have |K| < Bk and for each K € D" we have |K| = 1. Also note that W C T7.

Structure of the host graph

We now find a suitable structure in the cluster graph G that will be used for the em-
bedding of T'. It suffices to look at the cluster vy, that will serve for the embedding of
the seeds of T', and its neighbourhood.

Let M a maximal matching in N(vy). We will denote by M both the graph and
its underlying vertex set. Suppose that uv € M. Note that from the condition on
maximality we get that there cannot be two vertices x #y € N(vy) \ M such that both
xu and yv are edges of G. Thus there are two possibilities for each edge uv; either only
one of its endpoints have neighbours in N(v;)\ M, or both of its endpoints have just one
neighbour in N(vy) \ M. We can get rid of the second special case as follows. For each
vertex in N(vy) \ M we either delete it if it is a common neighbour of at least nm/40
matching pairs, or we delete all edges in at most 2 - nm /40 regular pairs connecting the
vertex with these matching pairs. In this way we delete at most 40/n clusters and the
degree of all remaining clusters of G drops down by at most nm/20 - |vy|+40/n - |vi| <
(n/20 4+ 40e/n) - n < nn/10. We abuse the notation and still call the resulting graph G.
The degree of vy is at least k + nn/3 — nn/10 > k + nn/5 and the average degree of
every cluster is similarly at least rk 4+ nn/5. The matching M is still maximal in N(vy).
Moreover, we can split M into two colour classes, M = M; U My, in such a way that
only clusters from My have neighbours in N(vq) \ M. Let O; = N(v;) \ M. Note that
it is an independent set. Define Oy = N(O1) \ {{v1} UM}. Note that N(v;) N Oy = 0.
All these sets are shown in Figure

Embedding

We split the last part further into three subparts. At first we give an overview of the
method that we use for the construction of the mapping . Then we formulate several
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M,
0.

(0

Figure 3.4: Cluster v; and four sets of clusters My, My, O, Oy that will be used for
embedding. The regular pairs of different density are sketch by shades of grey (we omit
pairs touching vy).

preparatory technical claims. In the last part we propose the embedding algorithm.

Overview

We gradually construct an injective mapping ¢ from 7' to GG. In each step ¢ denotes
the partial embedding that we already constructed. The idea behind the embedding
process is very straightforward — we will try to embed microtrees of D inside the regular
pairs in M and 'through’ the vertices of O;. We will, however, have to overcome several
technical difficulties.

One of the standard approaches of embedding trees, pursued, e.g., in [KPR1S], is to
start by embedding the seeds of T" in vertices of two clusters (one for each colour class)
such that the neighbourhood of these special clusters is sufficiently rich. Moreover, we
embed the seeds in such vertices that are typical to almost all neighbouring clusters.
We then split the microtrees in 7" into several subsets and embed these each subset of
microtrees in some part of the neighbourhood of the special clusters. Here we take a
different approach. We start in the same way by embedding the seeds W of T" in a high
degree cluster of G that we call vi. We then propose an algorithm that iterates over
clusters in the neighbourhood of vy, each time finding two clusters that can be used for
embedding of a microtree.

There are two main technical difficulties that we have to overcome. Recall that each
seed is embedded in a vertex that is typical to almost all clusters. This means that
when we choose a pair of clusters that we will use for embedding, we have to find a
microtree that has not yet been embedded such that its adjacent seeds are embedded
in vertices typical to the first cluster from the pair. We can ensure that there will be
such microtree, unless the number of vertices that remain to be embedded, is very small,
specifically /ek. To ensure that we can embed the whole tree T, we at first allocate a
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small fraction of vertices F' C J (M U O) that we do not use for the embedding during the
main embedding procedure. When only at most /ek vertices remain to be embedded,
we finally embed this small proportion of trees in the set F.

The second technical problem is that we cannot ensure that all the microtrees have
the same skew. This complicate the main embedding procedure that would have been
simpler in the case of microtrees with uniform skew. During the embedding procedure
we behave against intuition and sometimes redefine an embedding of some microtrees.

Preparations

Note that there there may be at most \/e|v| vertices of v; that are not typical to more
than y/em clusters. Indeed, otherwise there would be at least em/|vy| pairs of a cluster
and a vertex not typical to it, which in turn implies existence of a cluster such that more
than e|v;| vertices are not typical to it. For each cluster v € M; U Oy fix its arbitrary
subset Fy of size |nrd|v|/300]. By the same reasoning there are at most /z|v;| vertices
of vy that are not typical to more than y/em sets Fy,.

We invoke Proposition with parameters dppm = d, S = 5, ez = €, and
frem = f. We also choose vo mp1g = V2 to be any cluster from the neighbourhood
of vi pprg = vi. Finally, we define the set Upzry to be the set of at most 2./z|vy|
vertices not typical to more than /em neighbouring clusters v;, or their subsets Fy..
Note that due to our initial choice of constants all the conditions from the statement of
the proposition are satisfied. Hence we embed the vertices of W in vy, while the vertices
of UD” will be embedded in vo. Moreover, each vertex from W is typical to all but at
most \/em clusters v; and their fixed subsets FY, of size |nrd|vi|/300].

Note that each microtree K € D’ has at most two neighbours in W. We call a cluster
u # vy nice with respect to K € D', if all neighbours of K are embedded in vertices
typical to u. Note that each vertex from W was mapped to a vertex that is typical to
all but at most \/em clusters, thus for each tree K there are at most 21/em clusters that
are not nice to K. We will now, yet again, employ a simple doublecounting argument.
This time we doublecount connections between microtrees from D’ and clusters that are
not nice to them; each such connection is weighted by the size of the tree. We get that
there are at most 2+/em clusters such that if we take all trees such that the cluster is not
nice to them, then the union of all such trees contains more than /ek vertices. Delete
all such clusters and if they are from M, delete also their neighbours in M. We also
delete the cluster vy,. Moreover, if it is the case that deg(vy) > 2k, we delete several
pairs between v; and the rest of G so as to achieve that deg(vy) < 2k. Observe that the
average degree of each cluster is still at least

rk +nn/10 — (4v/em + 2)|v4|
> rk+nn/10 — (4v/ + 2e)n
> rk + nn/20.

Similarly the degree of v; is still at least deg(vy) > k + nn/20. We still call the new
graph G. We also know for each u € N(vy) that the number of vertices in microtrees
such that u is not nice to them is at most /ck.

Now we will define a small set ¥ C J(M U O) that will be used at the end for
embedding of several leftover microtrees with at most /ek vertices.

Claim 3.13. There is a set F' C J(M U O) satisfying |F| < nrdeg(v,)/100, Fy, € FNu
for any u € M; UO; and |[F Nu| = |FNv| for any uv € M. Moreover, if we extend
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the partial mapping ¢ of T satisfying o(T) N F = () to all trees from D except of some
D C D with |UD| < ek, then we can injectively extend ¢ to the whole tree T.

Proof. We define F' as follows. For each u € M;UQO; we begin by adding F, to F'. Then
for each set Fy, we find a set of the same size in some neighbour v # v; of u and also
add this set to /. We call this set G. For uv € M we take G, = F,. For u € O; we
find its neighbouring cluster in Oy U My with at least |nrd|u|/300] vertices that were
not yet added to F' and we set G, to be this set (we explain later, why we always find a
suitable neighbouring cluster). In the case when F, € O, but G, € Ms, it is no longer
true that |[F'Nu'| = |F N V'] for some matching edge u'v’ € M. We again establish the
condition by adding |nrd|u’|/300] vertices from u’ to F. This implies that

[FI<3- > |nprdul/300] < nrdeg(vy)/100.

uceM;UO;

Now we explain, why each cluster u € O; has a neighbour in My U Oy with at least
|nrd|u|/300] vertices that are not yet in F. Since we know that

deg(u, | J (M2 U Oy)) > rk > 2|F| > 2deg(u, F),

there is certainly a cluster v € My U O4 such that deg(u,v) > 2deg(u, F N v), thus
deg(u, v\ F) > deg(u,v)/2 > d|v|/2, meaning that there is a subset of at least d|v|/2 >
|nrd|v|/300] vertices in v that can be used to define G,,.

Now we show how to embed any D of small size in F. We define the embedding ¢
of all trees K € D in a step-by-step manner. Suppose that u € M; U O; and G, C v.
If the at most two neighbours 21, 25 of K in W are embedded in two vertices of v; that
are typical to set F,, and, moreover, |o(T) N F,| < 4|F,| and |o(T) N Gy| < 4Gyl we
can compute that for ¢ = 1,2 we have

G\ olT)] 2 (1= D)IGul > 4vElY]

and

N(vi) O Ful = |o(T) N Fl
d —&)|Ful = [o(T) N Fy|

[N () O (Fa\ o(T)

e <, Jo(T) N Fal < diRal/2| 2

>
>

—~

|Ful > 3¢|ul.

wl

Hence we can use Proposition case (2) with parameters Upggrg = FUp(T), where F
means the complement of F' in our graph, dgmm=d, cmpm=2¢, frmm=f, Brem = 5,
VLI = Vi, Uz = W, vigm = v, Kipmg = K vy = ¢(21), verzmm = ¢(22). The
proposition then allows us to embed K.

Now it suffices to show that for any K we always find a suitable u such that
©(z1),¢(z2) are typical to F, and both F, and G, do not contain many embedded
vertices of T. Recall that vertices ¢(z1), p(22) are typical to all but at most \/em sets
F,. If we cannot use for embedding any other set F}, from remaining clusters of M; UOq,
it means that we have embedded at least |2 - prd|v|/300] vertices to this set F,, or we
have embedded at least the same number of vertices in the appropriate set Gy. This
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means that the number of vertices we have embedded is at least

MUO d*r
(’21‘ - 2\/§m) 77|V1|

(M1 U Oy — 2v/2m) - < 700

. Lnrd|v1|/300J> >

di
e < dl0y5y5 Z (eg(vl) 2\/gm|V1‘> . \5/2

)
k
> (5 -2ven) - 2

1 4
k>nn/2 Z (2_;7/g> %k

> ek,

a contradiction. ]

Embedding algorithm

So far we have embedded the set W in vertices of v; that are typical to almost all
clusters in the neighbourhood of v;. We also embedded the small set D”. We invoke
Claim to get a small set F. Now we will gradually embed microtrees from D in
UM UO)\ F, until the number of vertices of microtrees that were not embedded yet
is at most {/ek. Then we embed the remaining parts of T in F' using Claim We
will use the following notation for the sake of brevity.

Definition 3.14. We say that a cluster u is full, if
W (9(T) U F)| > [u] — 4vZul
We say that a cluster u € N(vy) is saturated, if
[un (p(T) U F)| > deg(vy, u) — 4v/z [ul.
We say that a matching edge uv € M 1is saturated, if
[(uUv) N (p(T) U F) | = deg(vi, (wUv)) —8Ve [u] — Bk

Note that every full cluster is also saturated. The intuition behind these definitions
will be clear from the statements of the following claims.

Claim 3.15. Ifu € N(vy) is not saturated and v € N(u)\ {v1} is not full, then, unless
|dom(¢)| > k — ek, we may injectively extend ¢ to some K € D that was not yet
embedded in such a way that (K ND;) Cu, p(KNDy) Cv, and p(K)NF ={.

Proof. We have ensured that all trees of D such that u is not nice to them have at most
ek vertices. Hence there is a yet non-embedded tree K € D such that its at most two
neighbours t1,t; in W are embedded in vertices of v; that are typical to u. We may now
apply Proposition 2.13] (1) with dpgry = d, cpgmm = €, Brzmm = 6, V1,iE13 = V1, UrzTg =
w,vigg = vV, Krgmm = K, v gy = ¢(t), vipmy = N(ti) N K, Uz = ¢(T) U F. The
proposition then allows us to extend injectively ¢ to K. O

Claim 3.16. Let o be a partial embedding of T in G.
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1. There exists either an unsaturated vertex of Oy or an unsaturated edge of M.

2. Suppose that p(D1)N(Mz) = 0 and let u € O. There exists a vertex in N(u)\{vi}
that is not full.

Proof. 1. Suppose that for each edge uv € M we have

|[(@Uv) N (p(T)UF) | = deg(vi,uUv) — 8ve |u| — Bk

> deg(vi.uU ) (1 ) W>
(il = n/pigge), k<] > deg(vi, uUv) <1 4 2dn/Mm(5)>

[c<d s<a/Mpme)] = deg(vy,uUv)(1 —n/100)

and similarly for each u € O; we have
[un ((T) U F)| > deg(vi, u)(1 — 1/100).
Hence we have

UM U 01) 1 (p(T) U F))| > deg(vi)(1 - 7/100)
= ndeg(v1)/100 + deg(v)(1 — n/50)
[deB(v1) > b+ nk/20] 2 ndeg(v1)/100 + (k + nk/20)(1 — n/50)
> |F| +k,

a contradiction.

2. Similarly as in the previous case we can compute that we have embedded at least
[v|(1 —7n/100) > deg(u, v)(1 — n/100) vertices into each full cluster v. Since we
know that deg(v;) < 2k and deg(u) > rk + nk/20, we thus we have

UMz 0 02) 1 (o(T N D) U F))| > deg(u)(1 — 1/100)
> ndeg(w)/50 + deg(u) (1 — /30)
> nrdeg(vy)/100 + (rk + nk/20)(1 —n/30)
> |F|+rk
> |F| +|Da,

a contradiction.

We can now finish the proof of Theorem

Proof. We will gradually embed microtrees from D’ in [J (M U O) in a specified manner
using Claim until [dom(y)| > k — /ek, or all edges of M and all vertices of O
are saturated — from Claim m (1) we know that the latter actually cannot be true.
When |dom(p)| > k — /ek, we finish by applying Claim on our set F. We split the
embedding procedure into three phases:
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1. Phase 1 — saturating the matching edges of M.  In the first phase we embed
gradually the microtrees of D’ in the edges of M in such a way that for each K € D’
we have (K ND;) € M;. We run the process of applying Claim for each
edge uv until either u € M, is saturated, v € My is full, or |[dom(yp)| > k — /ek.

2. Phase 2 — saturating the clusters in O. We repeatedly pick a cluster v € O; and
then embed trees from D’ in it by repeatedly applying Claim in such a way
that for each embedded K we have p(K ND;) C Oy and (K NDy) C M, U Os.
Note that due to Claim m (2) the cluster v has always a neighbour that is not
full and can be, thus, used for embedding. Hence we can apply this procedure until
all clusters from O; are saturated, or |[dom(p)| > k — /ek.

3. Phase 3 — finalising the matching M. All clusters in O are now saturated.
Our goal is now to show how to saturate the remaining edges of M. This may
not be possible with current ¢ as it is defined right now, since it could have for
example happened that after the first phase we completely filled one cluster from
a matching pair, while the other cluster remained almost empty. We solve this

problem by potentially redefining the embedding of several microtrees that were
embedded in M; U M, in Phase 1.

Note that for each edge uv € M, u € My, it is true that either u is saturated, or
v is full at the end of Phase 1. We deal with the first case in part (a). In the latter
case we did not embed anything in v in Phase 2. We undefine embedding of all
trees that were embedded in uv and saturate this edge in part (c).

(a) If u is saturated, we repeatedly embed trees in uv in such a way that for each
K € D' we have p(K ND;) C v. We do this until either u is full, or v is
saturated. In the latter case the whole edge is saturated. We deal with the
first case in (b).

(b) Suppose that u is full, but v is not saturated. Note that Claim ensures
that |[FF'Nu| = |F'Nv|. Hence it must be the case that |o(T) Nu| > |o(T) Nv|.
Moreover, in Phase 2 we did not embedded trees in u. This means that there
exists a tree K € D' that was embed in the matching edge uv in such a way
that |@(K) Nu| > |¢(K)Nv|. Aslong as it is true that [(p(T) U F) Nu| >
|(o(T) U F) N v|, we find any tree K with this property and we redefine its
embedding. When this procedure ends, we have “cp(T) Nu|—|o(T)N V|‘ <
Bk, i.e., the embedding in the edge is balanced.

(c) Finally it suffices to show how to saturate an edge uv fulfilling the balancing

condition (note that if ¢(T) Nuv = @, then the matching edge is certainly
balanced). We again embed the microtrees in uv one after another. Unless
one of the clusters is saturated, we choose to embed K € D’ in such a way
that the colour class of K with less vertices is embedded in the cluster such
that more of its vertices were already used for embedding of T'. In this way
we ensure that the balancing condition still holds.
After one cluster, say u, becomes saturated, we continue by embedding only
in such a way that for each K € D" we have (K ND;) C v. We do this until
either v becomes saturated, or u is full. In the first case the whole edge uv is
clearly saturated. In the other case note that we have |(¢(T)UF)Nu| > |u|—
4/Flu| > deg(vi, v) —4ylv] and [(o(T)UF) Nv] > deg(vi,u) —4y/Efal - Bk
due to our balancing condition. Hence the matching edge is saturated.
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We described an algorithm that terminates when |[dom(y)| > k — /ek, or all edges of
M and all vertices of O are saturated. But the latter cannot happen due to Claim |3.16
(1). We finish by invoking Claim m ]
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Chapter 4

The skew Loebl-Komlds-Sés
conjecture for dense graphs

In this chapter we propose the skew version of the Loebl-Komlds-Sés conjecture. This
was asked by Simonovits [personal communication).

Conjecture 4.1. Any graph of order n with at least rn vertices of degree at least k
contains every tree of order at most k + 1 vertices with skew r.

If true, the conjecture is best possible for the similar reason as the Loebl-Komlds-Sos
conjecture. Indeed, given r € (0,1/2], consider a graph consisting of a disjoint union of
copies of a graph H with k + 1 vertices consisting of a clique of order |r(k+1)] — 1, an
independent set on the remaining vertices and the complete bipartite graph between the
two sets (see Figure [4.1)). Such a graph does not contain a path on 2|r(k + 1)] vertices
(or, to give an example of a tree of maximal order, a path on 2|r(k + 1)| vertices with
one end-vertex identified with the centre of a star with &+ 1 — 2|r(k + 1)] leaves).

A proof attempt of such a result starts by verifying that the conjecture holds for trees
of diameter five. This is because (as we mentioned in Chapter [2)) the structure of such
trees is similar to the structure of the /-fine partition of a general tree. We provide a
proof of this result in the next section.

Theorem 4.2. Let G be a graph on n vertices such that at least rn of its vertices have
degree at least k. Then G allows embedding of any tree from T, with diameter at most

five.

lr(k+1)] —1

000C

(k+1) = (r(k+1)] = 1)

Figure 4.1: The graph showing the tightness of Conjecture [4.1] is a disjoint union of
graphs of order k + 1.
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Note that this was already shown in [PS0§| for the case r = 1/2.
We continue with the proof of a dense approximate version of the conjecture in the

last section of this chapter. One can find a sketch of the proof in the extended abstract
[KPRIT].

Theorem 4.3. For any 0 < r < 1/2 and n > 0 there exists ng € N such that for every
n > ng, any graph of order n with at least rn vertices of degree at least k + nn contains
every tree of order at most k such that the size of its smaller colour class is at most k.

We will actually prove the following formulation of Theorem The equivalence of
the two statements follows from Lemma 2.4

Theorem 4.4 (restated version of Theorem W.3)). For all q,r,n > 0 there is ng such
that every graph on n > ng vertices with at least rn of its vertices having degree at least
(1 +n)k contains any tree from T, if k > qn.

This extends the main result of [PS12], which is a special case of Theorem for
r = 1/2. While we use and extend some of their techniques, our analysis is more complex.
As in [PS12], we partition the tree into small rooted subtrees, which we then embed into
regular pairs of the host graph. In order to connect those small rooted trees, we need two
adjacent clusters with adequate average degree to those regular pairs, which typically
will be represented by a matching in the cluster graph. Hence, we need a matching in
the cluster graph that is as large as possible. To this end we use disbalanced regularity
decomposition (see [HLT02]), placing large degree vertices into smaller clusters than
the remaining vertices, hence covering as many low degree vertices as possible by this
matching. We then consider several possible embedding configurations in the regularity
decomposition, depending on the structure of the cluster graph, in particular depending
on the properties of the adjacent clusters with suitable average degree to the optimal
matching.

4.1 Proof of Theorem 4.2

Fix T' € T,[; of diameter at most five; we will use the notation from Section 2.1} Note
that we can without loss of generality assume that r(k + 1) is an integer, otherwise we
may work with 7" < r for which it holds.

At first we decompose G into suitable subsets, i.e., find suitable structure for em-
bedding. Define L = {v € V(G) : deg(v) > k} and S = V(G) \ L. We define
S; = {v € S : deg(v,G) > r(k+ 1)} and set Sy = S\ S1. Further we define
L*={veL:deg(v,L) >r(k+1)} and N = (N(L*) UN(Sy)) N (L\ L*).

We will now describe two possible configurations in G and for both of these configu-
rations we embed 7" in G. Then we show that at least one of these configurations has to
appear in the host graph.

We will use the following version of the greedy method.

Lemma 4.5. Let G be a graph and ¢ a partial embedding of T € Tri1 in G such that
the only non-embedded vertices of T are leaves. Moreover, suppose that deg(p(u)) > k
for any uw € T with a non-embedded neighbour. Then ¢ can be injectively extended to the
whole T'.

Proof. In each step we may arbitrarily embed any yet non-embedded vertex of the tree.
O
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v2 = p(x2)

v1 = ¢(r1)

L L

Figure 4.2: Two embedding configurations from Proposition (left) and Proposition
(right). We finish both cases by applying Lemma

A simple consequence of Lemma is that if we define ¢ injectively on {x1, x5} U
Vi UV, such that o({z1} UV UV;,) C L, then ¢ can be injectively extended to the whole
T.

We now propose the two configurations. In both configurations we assume that there
are two neighbouring vertices of high degree and we prove that in that case we can embed

Tin G.

Proposition 4.6. Suppose that there are two neighbours vi,ve € G such that vy € L,
deg(vy, L) > r(k+ 1) and deg(vo, L) > |Vo| + 1. Then T can be embedded in G.

Proof. Set o(x1) = v; and p(r3) = vs. Embed the vertices of Vs arbitrarily in
the L-neighbourhood of ¢(x3). Then embed the vertices of V] arbitrarily in the L-
neighbourhood of ¢(z1). This can be done, since

deg(p(x1)) 2 r(k +1) = {1 }| + [V + [Wh] = [{wa}] + [Va] + V],
We finish by using Lemma O

Proposition 4.7. Suppose that there are two neighbours vy,ve € G such that v; € L,
deg(vy, LU ST) > |V/| + 1 and deg(va, L) > r(k +1). Then T can be embedded in G.

Proof. Set p(z1) = v1 and ¢(x2) = ve. Embed the vertices from V| arbitrarily in
N(p(u1))\{va}, suppose that vertices yi, ...,y € V/ were embedded in S;. We continue
by embedding their leaf neighbours greedily. This can be done as for any 1 < i <t we
can compute that the degree of each vertex ¢(y;) is greater than or equal to the number
of already embedded vertices of T" plus the number of leaves to be embedded, i.e.,

deg(p(ys)) > r(k+1) > {z1} U
>z} FWiN N U--- Uy + H{ye U Uy,

where we used in the last inequality the fact that every vertex from V| has at least one
leaf neighbour in W;. We follow by embedding the set V5 in L. This can be done, since

deg(p(uz)) = r(k+1) = {1} UL U V3
> Ha+ Wi Ny U - Uy + [{ga U Uy |+ [Val.

Finally we embed the rest of T" by invoking Lemma [4.5 O
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Now we may proceed with the proof of Theorem It suffices to show that the
configurations from Propositions and have to appear in each (r, k)-LKS graph.

Proof. Suppose that G is an (r, k)-LKS graph not containing the configurations from
Propositions and Observe that the absence of the first configuration implies
that for every v € N we have deg(v, L*) < |V5|. The absence of the second configuration
implies that there are no edges between any two vertices u € L* and v € L*U S, because
r(k+ 1) > |V/| + 1. Moreover, for any u € N we have deg(u, L U Sy) < |V/].

We now derive a contradiction with the assumption that G is an (7, k)-LKS graph.
We start by bounding the numbers of edges e(N, Sy). We have

e(N, Sp) < |Sol(r(k +1) — 1) — e(So, L*) — e(So, L\ (L* U N)), (4.1)

since all vertices in Sy have degree less than r(k + 1) (note that it is an integer). On the
other hand, we have

e(N, So) = [N|(k — [V/]) (4.2)

from the assumption that all vertices of N have at most |V]| neighbours outside S;. We
continue by bounding the quantity e(N, L*). We have

e(N, L") < N|Val, (4.3)

because we assume that all vertices in N have at most |V5| neighbours in L*. On the
other hand it holds that

e(N,L*) > |L*|k — e(L*, Sy), (4.4)

since the vertices in L have degree at least £ and we assume that vertices from L* have
no neighbours in L* U .S;. After adding all four inequalities we get

[Sol(r(k +1) = 1) = e(So, L") = e(So, L\ (L"UN)) + N|Va| >
INI(E = Vi) + | L7k — e(L", So)
and after rewriting and bounding 7k > r(k 4+ 1) — 1 we have
[Solrk + [NI([Val + [VI]) = (IN|+ [L*k + e(So, L\ (L" U N)).

Now we observe that vertices in L\ (L*UN) have less than r(k+ 1) neighbours in L and
that they have no neighbours in S, hence their degree in Sy is at least k—r(k+1)+1 >
(1 —r)k. Therefore we have

|Solrk + IN[(IVa| + [VI]) = (IN|+ L")k + [L\ (LU N)|(L = 7)k.
We use the bound [V| + |V <r(k+1) — 1 < rk to get
|So|rk + |N|rk > (|N| + |[L* )k + |L\ (L* U N)|(1 — r)k. (4.5)

Moreover, the last three adjustments gave a strict inequality, if So, L\ (L* U N), or N
were non-empty. But if all of these sets were empty, then also L* is empty, because its
vertices do not have neighbours in L*U S}, which would mean that G is empty. We have
thus a strict inequality that can be divided to give

r[So| + 7| N| > |N| + [L*] + (1 —r)|L \ (L* UN)],
which implies
r[Sol > (1 =r)(IN[+ L7 + [L\ (L"UN)[) = (1 —r)|L],

a contradiction. ]
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4.2 Proof of Theorem (4.4

We start by fixing notation and proving some preparatory lemmas in section[4.2.1] Then
we prove the theorem with the use of two crucial propositions, Proposition and
In the next section we prove Proposition[£.10] Then we state several technical embedding
lemmas in the next section Finally, we prove Proposition in the last section.

4.2.1 Preliminaries

We shall switch freely between a graph H and its corresponding cluster graph H. For
example A C V(H) may as well denote a cluster in an original graph, as A € V(H)
a vertex in the corresponding cluster graph. We shall freely use the term clusters in a
cluster graph H to denote vertices of H. If S C V(H) denotes a set of clusters, then
US denotes the corresponding union of vertices in the original graph H. If A € V(H)
is a cluster and S C V(H) a set of clusters, then deg(A, S) denotes the average degree
of vertices in A to US and deg(A) stands short for deg(A, V(H)).

We shall use the following notation. The class of all trees of order k is denoted as Ty.
For a graph G and two sets A € V(G) and B € V(G) let G[A, B] denote the subgraph
of GG induced by all edges with one endpoint in A and the other in B.

Definition 4.8. Let r < 1/2. We say that a graph H is an r-skew LKS-graph with
parameters (k,n,¢e,d) if there exists a partition {Li,..., Ly, ,S1,...,9ms} of V(H) sal-
isfying the following

1. my, Z (1+7]>mg,
2. all sets L; have the same size and all sets S; have the same size,
3. T’S]’:(l_r”LZ’fOT alliaj;

4. each (L;, L;), i, € [mg] and each (L;, S;), i € [myg],j € [mg] is an e-regular pair
of density either O or at least d,

5. there are no edges inside the sets and no edges between S; and S; fori # j,

6. average degree of vertices in each L; is at least (14 n)k.

We call the sets L;, i € [my], the L-clusters. Similarly, we call the sets S;, i € [mg],
the S-clusters.

Let H be the graph with vertex set {Lq,..., Lp,,S1,...,Sms} and with an edge
(L;, L;), (L;, S;) whenever (L;, L;) or (L;, S;), respectively forms an e-regular pair of pos-
itive density in H. Observe that for any edge (L;, L;) we have deg(L;, L;) = deg(L;, L;),
but for any edge (L;,S;) we have r - deg(L;,S;) = (1 —r) - deg(S;, L;). We call H the
r-skew LKS-cluster graph. We use a dot instead of an explicit parameter when the value
of the parameter is not relevant in the given context.

Proposition 4.9. Let H be an r-skewed LKS graph of order n with parameters (-, -, ¢, -)
and let H be its corresponding cluster graph.

1. Let C and D be an L-cluster and an S-cluster of H, respectively. Then |C| <

n/|V(H)| and |D| < W
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2. If v € V(H) is an ultratypical vertex and S C V(H), then deg(v,US) >
deg(C,S) — 2y/en/r, where C' is the cluster of H containing v.

Proof.

1. The first inequality follows from the fact that the size of L-clusters is always at
most the size of S-clusters. Then we compute |D| = =2[C| < T

2. If v is ultratypical, there are at most /¢|V(H)| clusters D in H such that v is
not typical to D. Denote by D the set of those clusters. Then by (1) we have
UDI < D] n/(r[V(H)|) < yEn/r. Then

deg(v,|JS) > deg(v, | J(S\ D))
> deg(C. (S \ D)) - =n
> deg(C,|JS) — |UD| —en
> deg(C,|JS) — 2ven/r .

~—~ I~ I~

]

Finally, we state two propositions that will be proved in Sections [.2.3] and [4.2.5]
respectively. The first proposition says that every LKS-graph contains one the four con-
figurations, while the second proposition asserts that occurrence of these configurations
implies containment of a given tree. Note that the first proposition is concerned only
with the structure of the cluster graph, not the underlying graph, and could be stated
in terms of weighted graphs instead.

Proposition 4.10. Let H be a r’-skew LKS-graph H with parameters (k,n,-,-) and let
H be the corresponding cluster graph. We denote by L and S, respectively, its set of L-
clusters and S-clusters, respectively. For any numbers ay, as, by, by € Ny with ay+b, = 7k,
7 <71, there is a matching M in H[L,S] and two adjacent clusters X,Y € V(H) such
that, setting Sy = SNV (M) and S, ={Z € S : deg(Z) > (r +1'n)k} \ Sm, one of the
four following configurations occurs.

A) deg(X, 81U Su) = ag - (1= 7)/7 +nk/4, and deg(Y, L) = 7k +nk/4,
B) 7ay > (1 —T)ag, deg(X,S1 USy U L) > k +nk/4 and deg(Y, L) > 7k +nr'k /4,
C) ta; < (1 —7)ag, deg(X,S1 USy U L) > k+nk/4 and deg(Y, L) > by +nr'k/4,

D) 7a; > (1 — 7)ag, by < #k/(1 —7), deg(X, Sy U L) > k + nk/4 and deg(Y, L) >
by + nk/4, and moreover, the neighbourhood of X does not contain both endpoints
of any edge from M.

Proposition 4.11. For each §,q,d > 0 and 7,v' € QF with 7 < v’ < 1/2 there is
e =e(6,q,d,r") > 0 such that for any Nyap € N there is a f = 5(0,¢,7,€, Nyaz) > 0
and an ng = no(d,q,7,8) € N such that for any n > ng and k > qn the following
holds.Let D = (Wa, Wy, D4, Dg) be an Bk-fine partition of a tree T € Ty with colour
classes Ty and Ty such that |T| = 7k. Let H be an r'-skewed LKS-graph of order n,with
parameters (k,0,¢,d), let H be its corresponding cluster graph with |V(H)| < Npae and
LS C V(H) are sets of L-clusters and S-clusters, respectively.Let M be a matching
inH, let Sy =SNV(M), $;:={CeS\V(M) : deg(C) > (1+0)7k}. Let A and B
be two clusters of H such that AB € E(H) and one of the following holds.
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A) deg
B) 7

A,SUSy) > a21;f + 0k and deg(B, L) > (T + )k

g
V(Da)NV(T)| > (1 —7)|V(Da) N V(T
eg(A

(
(
(A, S1USy UL) > (1+0)k, and deg(B, L) > (7 + J)k,
(
(
(

oL

C) 7|V(Da) NV(T2)| < (1 = 7)[V(Da) N V(T1)],
deg(A,S$1USy UL) > (1+0)k, and deg(B, L) > |V(Dg) NV (1T1)| + 0k,
D) #V(Da) NV(T)| = (1 = F)[V(Da) NV(TV)], [V(Dp) N V(Th)| < g5k
deg(A, Sy UL) > (14 0)k, deg(B, L) > |V(Dp) NV (1T1)| + dk, and moreover, the
netghbourhood of A does not contain both endpoints of any edge from M.

ThenT C H.

4.2.2 Proof of the theorem

Suppose r,q and 71 are fixed. If r = 1/2, then set ' :== r € Q, s := 1, and t :=

2. Otherwise, let p := 1/2 —r > 0 and 7/ € Q be such that » < ' < r(1 + 21)

with 7 = s/t, s,t € N and t < 12/(npqr). Observe that v < 1/2. Let d := %.
Let ¢ = min{ ’7‘120"2, +& Z’E)/g,q,d/ 2,7")}. Lemma (Szemerédi regularity lemma)

with input parameter e;pg = € and N, := 1/ outputs ng, Nyex € N. Set § :=
ﬁpm(%/g,q,r’,t - £,tNyaz). Let ng = max{2ng, 2t - Nmaz/e,n()’p@(%,q,r’,ﬁ)} and
let n > ng. Suppose k > gn is fixed. Let G be any graph on n vertices that has at least
rn vertices of degree at least (1 4 n)k.

We first find a subgraph H of G of size n” > (1 —nq/2)(1 — 2¢)n which is an r’-skew
LKS-graph with parameters (k, {55, €, g) and construct the corresponding LKS-cluster
graph H.

Erase 1 - gn/2 vertices from the set of vertices that have degree smaller than (14 n)k
and let G’ be the resulting graph of order n’ = n(1 — ng/2). Observe that for all
v € V(G'), we have degq(v) > degn(v) —nk/2 and hence at least rn > r'n/(1 4+ nq/4)
vertices of G’ have degree at least (1 +17/2)k.

We apply Szemerédi regularity lemma (Lemma on G’ and obtain an e-regular
equitable partition V(G') = Vo U Vi U--- U V. Erase all edges within sets V;, between
irregular pairs, and between pairs of density lower than d. Hence, we erase at most

’ N 2
N - (" éN) < g(n’)?/2 edges within the sets V;, at most eN? - (%) = £(n')* edges in

n/

2
irregular pairs, and at most (];/ ) od- (ﬁ) < g -(n')? edges in pairs of density less than d.
In total we have thus erased less than d - (n/)? = ZZ2 . (/)2 edges.

Call a set V; an L-set if the average degree of itlgovertices is at least (14 ng/4)k and
otherwise an S-set. We have at least (1 + 2)r’N L-sets. Indeed, during the erasing
process, less than nr'qn’ /6 vertices dropped their degree by more than nk/8. Therefore,
now there are at least (1 + %)r'n’ vertices of degree at least (1 + 37/8)k. By regularity,
in each S-set V; there are at most €|V;| of those vertices, as otherwise they form a
subset of V; of substantial size and thus the S-set V; would have average degree at least
(14 3n/8)k —en’ > (14 n/4)k. So we can have at most en’ vertices of degree at least
(1+3n/8)k distributed among all S-sets and at most en’ of them contained in V5. Hence,
at least (14 ZL)r'n’ vertices of degree at least (1 + 3n/8)k must be contained in L-sets,
producing thus at least (1 + 21)r'N L-sets.

We subdivide any L-set into t — s sets of the same size, which we call L-clusters,
adding at most t — s — 1 leftover vertices to the garbage set Vj. Similarly, we subdivide
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any S-set into s sets, which we call S-clusters. In this way we have (1 —7")|C| = /| D|
for any L-cluster C, and any S-cluster D. By Lemma if (V;,V;) is e-regular and
C CV,and D CV; are L or S clusters, then (C, D), is a £'-regular pair for ¢’ = te with
density at least d’ := d — €. Observe that by the choice of ng, we added in total less
than ¢t - N < en’ vertices to the garbage set V5. We delete at most 2en’ vertices of the
enlarged set Vy. Any L-cluster is a relatively large subset of the L-set it comes from,
and thus basically inherits the average degree of the set it comes from. Together with
the deletion of the enlarged garbage set, we obtain that each L-cluster has now average
degree at least (1 +ng/4)k — 3en’ > (1 + ngq/5)k.

Denote by my the number of L-clusters and by mg the number of S-clusters. We
have mp > (14 Z)r'N - (t — s), as each L-set divided in ¢ — s L-clusters. Similarly, we
obtain mg < (1 —r")sN. Therefore,

mr > (14 ng/100)mz /2 + (1 — ng/100)(1 + 1g/20) - ' N - (t — 5)/2

> (1 +1¢/100)mL /2 + (1 + 1g/100) - ; : & (t—5)/2

(1 + ng/100)my, /2 + (1 + ng/100) - % (t—s)/2
(1 4+ nq/100)(mg + mg)/2 .

Finally, we delete all edges between S-clusters. We denote by L the set of vertices
contained in L-clusters and by S the set of vertices contained in S-clusters.

Let H be the resulting graph. By construction, it is an r’-skew LKS-graph of order n”,
where (1 — 2¢)n' < n” < ', with parameters (K, {55,¢’,d/2). The vertex set of the
corresponding cluster graph H consists of the L- and S-clusters defined above, with edges
corresponding to £'-regular pairs of density at least d/2 in H. Observe that |V (H)| <
t - Npaz-

After having processed the host graph, we turn our attention to the tree. Let T be
any tree of order k with colour classes T} and Ty and |T}| < rk < r’k. Pick any vertex
R € V(T) to be the root of T. Applying Lemma on 71" with parameter {ppg := Sk, we
obtain its fk-fine partition D = (W, Wg, D4, D). Without loss of generality, assume
that Wy C V(T3). Let 7 := |V(11) \ Wg|/k. We then apply Proposition with
nrg = 19/100, g = 7', kg o= K, nagm o= 1", Hpggm := H, for vu € H, a =
V(D) NV (Ty)], ag := |V(Da) NV (Th)], by := |V (D) NV (T1)|, by := |V(Dp) NV (T3)],
Trrm := 7. We obtain a matching M C E(H) and two adjacent clusters A, B € V(H)
satisfying one of four configurations.

For any of these four possible configurations, Proposition [4.11| with input dpr1g =
Zrolg, qArIn = ¢, dgam = d/2, epran = €, Nmax,@ = tNpaz, Hegmm = H, Hpgn =
H, and further input as in Proposition [f.10} gives an embedding of T in H C G, proving
Theorem [£.4

4.2.3 Proof of Proposition

We will prove Proposition [4.10]in several steps. We start by defining the desired matching
M as well as several other subsets of H.

Let M C H[L, S] be a matching minimising the number of vertices in the set Sy :=
{X € §:deg(X) < (F+1'n/2)k}. It follows that S; =S\ (Sy U Sp).

We define B C V(M) as the set of those clusters X, for which there is an alter-
nating path P = X;X5... X}, such that X; € &y, X = X, Xy, € L, Xo;11 € Sur,y
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Si Sa

La\ V(M) LaNV(M)

Figure 4.3: Various subsets of H used in the proof of Proposition

{Xai, Xois1} € M. Alsolet Lg = LNB and Sg = SyyNB. Then we define A = V(M)\ B,
Li=L\Lp, Sx=S8u\Ss.

Claim 4.12. For all X € Sp we have deg(X) < (7 +1'n/2)k. Also, there are no edges
between clusters from L4 and SoU Sg.

Proof. If the first statement was not true, the symmetric difference of M and an alter-
nating path between X and a vertex in Sy would yield a matching contradicting the
choice of M as a matching minimising the size of Sp.

If the second statement was not true, we would have an alternating path ending at
X which is a contradiction with the definition of £ 4. O

Now we are going to define yet another subsets of £ based on the average degrees of
the clusters.
Lf:={X e L:deg(X,L) > (F+r'n/2)k},

LT={Xe L\ L :deg(X, Sy US8)) > (1 —7+n/2)k}.
Next, we define £% := L*N L4 and L} = LT N L4 We have L% = L4\ L] by
Claim [4.12l We define £} and L} in a similar way. Finally, let
N=N(L)NL.

Now suppose that none of the four configurations from statement of the theorem
occurs in the cluster graph H. We are going to gradually constrain the structure of H
until we find a contradiction.

Claim 4.13. Let X and Y be two clusters such that X € L and deg(X,Sy) = 0 and
deg(Y, L) > (7 +r'n/2)k. Then X andY are not connected by an edge.

Proof. If there is X € L such that deg(X,Sy) = 0, then we have deg(X, LU S USy) >
(1 +n)k. Now suppose that there is an edge between such a cluster X and a cluster Y
with deg(Y, £) > (7 + r'n/2)k. If 7fa; > (1 — 7)az, we have found Configuration B. If,
on the other hand, 7a; < (1 — 7)ag, recall that by < as + by = 7k, meaning that we have
found Configuration C. [

Corollary 4.14. We have:
1. e(La, L*US)) =0, thus N is a subset of Lpg,

2. VX € N : deg(X, L) < (F + r'n/2)k,
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3. VX € Sx:deg(X) =deg(X, L) < (F+71'n/2)k.
Proof.

1. Suppose that there is an edge between X € L4 and Y € £*U S;. From Claim
4.12] we get that deg(X,Sp) = 0. From the definition of £* and S; we have
deg(Y, L) > (7 +r'n/2)k. Thus we can apply Claim for X and Y.

2. Each vertex Y € N has a neighbour X € £%. If deg(Y, L) > (7 + 1'n/2)k we are
in the situation of the first part of this claim.

3. Each vertex Y € S4 is matched to a vertex X € L. If deg(Y, L) > (7 +1'n/2)k,
we are, yet again, in the situation of the first part of the claim.

[
Claim 4.15. Every cluster in N has average degree at least (7 + n/2)k in So.

Proof. Suppose that it is not so. Then we have a cluster Y € A such that

deg(Y,S1USy U L) = (1 +n)k — (F+n/2)k

>
> (1—7+n/2)k.
Now we consider separately three cases:

1. Suppose that 7a; < (1 — 7)as. Then either
deE(Y, £) > by + /A,

which leads to the Configuration C (consider Y and its neighbour in £%), or we
have

deg(Y, S USy) =deg(V,S1USy U L) —deg(Y, L)
>(1—=7)k+nk/2— (by +nk/4)

.

=~ TFk — by k)4
.

= fr(bl+az)—b1+77k/4

1—-2r 1—-7
= —b; +
1—7
2 ~r@2+77k/47
P

- az +nk/4

where we used the bound on the average degree of Y and then the facts that
bi+ay = 7k and 7 < 1’ < 1/2. This, on the other hand, leads to the Configuration A
(again, consider Y and its neighbour in £%).

2. Suppose that 7a; > (1 —7)ag and by < {—frk Following the same considerations as
in the previous case we get that either deg(Y, £) > by +nk/4 or deg(Y,S1 USy) >
1;%2 + nk/4. The second case leads, again, to the Configuration A. We now

proceed with the first case.
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Let X be a neighbour of Y in £%. From Claim we have deg(X,Sp) = 0 and
from Corollary 1 we have deg(X,S;) = 0, thus

deg(X, £ U Sy) = deg(X) > (1 + )k > k + nk/4.

Moreover, all the matching edges containing clusters from & N N(X) must have
both ends in the set A because there are no edges between vertices from £N.A and
S N B (Claim . On the other hand, all neighbours of X in £ have to be in B
(Corollary (1)), so all matching edges containing vertices from £ N N(X) are
in B. Thus, all of the assumptions of Configuration D for X and Y are satisfied.

3. Finally we are left with the case 7a; > (1 — 7)ay and by > 1"—1/{: Note that then
we have

ay = 7k — by < 7k — — M:41—1T~Vk:ﬂ—aﬂ k.
—T

—F 17

Now either
deg(Y, L) > 7k + r'nk /4,
or

deg(Y, S USy) =deg(V,S1 USy U L) —deg(Y, L)
> (1 =7k +nk/2 — (Fk +r'nk/4)
> (1 —27)k + nk/4

1—7 T
=—(1-27) .

T —-7r

r
as + T}]{Z/4

k+nk/4

>

f

The first option leads to Configuration B while the second one leads to Configura-
tion A.

]

After restricting the structure of H we are ready to derive a contradiction by combin-
ing several properties of H together. At first we estimate the size of the set £4. Recall
that we have |£| > (1 + n)|S|, thus |£| > |S|. We also know that |Lp| = |Sg|, because
the two sets are matched in M. This means that

|Lal = |£] = |Lp| > |S] = |Sp| = |Sa] + [So| + [S1]. (4.6)
Now we proceed by bounding the size of the set N

Lemma 4.16. Suppose that the set L% (and thus also N') is nonempty. Then the
following inequality holds:

N7+ r'n/2) > |Sol(1 = 7+ n/2). (4.7)
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Proof. We estimate the number of edges between L} and S4. For ¥, Z C V(H), we set
W(Z,Y) = zczdeg(Z,)). On one hand we have

W(LH,Sa) = D deg(Z,S) = |LA|(1 =7+ n/2)k,

zeLl

because wW(L}, Sp U Sy) = 0 (Claim 4.12)) and (L}, S;) = 0 (Corollary 4.14). On the
other hand we have
W(Lh,Sa) = Y deg(Z,W)
ZeL WeSa
1—7

= 2. ——dee(2)

ZeL i WeSa
11—

W(Sa, LF)
11—

7,»/
< (1 =7r)[Sal(1 +n/2)k — &(Sa, L)
< [Sal(+n/2)(1 = )k — wW(L, Sa) ,

IN

(ISal(F +1'n/2)k — @(Sa, L))

because all the clusters from Sy (if there are any) have their average degree bounded by
(7 +1'n/2)k (Corollary |4.14)), and 7 < r’ < 1/2. After combining the inequalities we get

ILEI(1 =7 +n/2)k < |Sa|(1 — 74 n/2)k — @(LY, Sa)- (4.8)
We continue by estimating the number of edges between £% and A. On one hand
we have
WLy, N) = w(N, L) < NI +r'n/2)k
due to Corollary (2). On the other hand we have
W(LYN) = (LY, V(H)) — WLy, Sa) — W(Ly,S1 USpUS)
> [LAl(L+n)k — WLy, Sa)
because there are neither edges between L% and &; (Corollary (1)), nor edges

between L% and Sp U Sy (Claim [4.12)) and clusters in £ have large degree.
By combining the two inequalities we get

[LAI(L+n)k — d(L, Sa) < IN|(F+1'n/2)k. (4.9)
Combining Inequalities , and in this order we get:
NI +r'n/2)k = |L4|(1 +n)k — &(L, Sa)
> L4114+ n/2)k + [LE[(L = 7+ n/2)k — |Sal(1 = 7+ n/2)k
= |LaA|(1 =7 +n/2)k+ |L4|Tk — |Sal(1 =7+ n/2)k
= [Lalrk + ([La] = |Sal)(1 = 7 +n/2)k
> L]k + (ISo] + [Si)(1 = 7 +n/2)k
> |Sol(1 =7 +n/2)k

which concludes the proof. O]
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Corollary 4.17. The set L4 is empty.
Proof. Suppose that A (and thus also £%) is nonempty. Then on one hand we have

1—9 1—7

w(807N) S

N, So) = [Sol (7 + r'n/2)k < [Sol (1 +1/2)(1 =)k, (4.10)

r’
due to the definition of Sy and the fact 7 < 7/. On the other hand we have
WN,So) > |NI|(F+n/2)k (4.11)

due to Claim [£.15] After combining the inequalities we get that

IVI(7 +n/2) < |Sol(1 =) (1 +n/2) < |So|(1 = 7)(1+n/2). (4.12)
Combining with Lemma we get

[Sol (1 =7 +n/2) < [NI(F +r'n/2) < N7 +1/2) < |Sol(1 = 7)(1 +1/2).
which gives a contradiction, because
1—7r+4+n/2>1—7+n/2—7/2=(1-7)(1+n/2).

Thus £* and N are empty.
Now suppose that £} = £4 is nonempty. Then on one hand we have

1—7

TI

1—7 ~
LA 2k

< [Sal(T+n/2) A =)k,

W(LY, Sa) = w(Sa, L3)

<

because of Corollary (3) and on the other hand we have

W(Lh,Sa) = W(LY, Sy USi)
> |LEI(L =7 +n/2)k
= |Lal(1 =7 +n/2)k
> |Sal(1=7"+1n/2)k
> [Sal(M+n/2)(1 =)k,

where we used the definition of £}, Corollary (1), Claim Inequality (4.6)), and
the fact that 7 < /.

Combining the inequalities gives a contradiction. Thus, the set £4 has to be empty.
O

From Corollary it follows that all L-clusters are in L£p and thus are matched to
Su, ie., | L] = [Su| < |S|, which contradicts our assumption that |£]| > |S].
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4.2.4 Embedding

We call a pair (F, R) an anchored T forest if F' is a forest (possibly consisting of a single
tree), R C V(F}), where F} is one of the colour classes of F, F' — R decomposes into
components of size at least two and at most 7, each component K in F' — R is adjacent
in F' to at least one and at most two vertices from R and each two vertices in R are of
distance at least 4. We shall use the notation K € F' — R to denote that the tree K is
one of the components of F' — R.

First we state a proposition that will allow us to use matching edges in our r-skewed
LKS-cluster graph to embed part of our tree 7.

Specifically, in Proposition we are given an anchored forest (F, R), an r-skewed
LKS-graph which contains a cluster A with some nice average degree to some L — S-
matching, and an injective mapping of R on ultratypical vertices of A. We want to
extend it to an embedding of F.

Proposition 4.18. Foralln,d > 0 andr € QT, 0 <r < 1/2, thereis ane = &(n,d,r) >
0 such that for any Nopes € N there is a § = B(n,re, Nma:c) > 0 such that for alln € N
the following holds.Let (F, R) be an anchored pn-forestwith colour classes Fy and Fy such
that R C Fy and for each component K € F — R, we have |FANK| < |FoNK|. Let H be
an r-skewed LKS-graph of order n with parameters (-, -, e, d) with a corresponding cluster
graph H of order at most Nyae. Let U CV(H) and let M C E(H) be a matching in H
between L-clusters and S-clusters.
If for A € V(H) we have

1 —
T

deg(A, S NV (M)) >

T 1—7r
|Fy| + > max{|UNC|,——|UND|} +nn,
CCS: CDeM r

then for any injective mapping of R on ultratypical vertices of A, there is an embedding ¢
of F' avoiding U and extending this mapping such that o(V(Fy)) C SNV (M), o(V (F)\
R) C LNUV(M), and V(Fy) are mapped on ultratypical vertices. Moreover, for any
cluster C € V(H) where we embedded vertices from F — R it holds that |C\ (UUp(F))| >
rn/8|C|.

Next, we state a proposition allowing us to use high average degree of some clusters
to embed further part of our tree 7.

Specifically, in Proposition we are given an anchored forest (F, R), an r-skewed
LKS-graph which contains a cluster A with big enough average degree to a set of clusters
with high average degree, and an injective mapping of R on ultratypical vertices of A.
We want to extend it to an embedding of F.

When using the proposition, we always set B to be the set of L-clusters in (1) and
the set of Si-clusters in (2).

Proposition 4.19. For all n,d > 0 and 0 < r < 1/2, there is an € = e(n,d,r) > 0
such that for any Nyuw € N there is a B = pBn,re, Nmax) > 0 such that for alln € N
the following holds. Let (F, R) be an anchored fn-forest with colour classes Fy and Fy
such that R C F,. Let H be an r-skewed LKS-cluster graph with parameters (-, -, ¢, d)
of order n with an associated cluster graph H of order at most Ny,. Let U C V(H)
and let B C V(H) be a set of clusters. Let ¢ : R — A with A € V(H) be an injective
mapping on ultratypical vertices.
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1. If deg(A,B) > |Fi| + |UB N U| + nn, then we can extend ¢ to N(R) so that
©(N(R)) are ultratypical vertices in B\ U and find a set W = WUWLU... C
UB\(UUp(RUN(R))) of reserved vertices such that |W;| = |(F1NK;)\N(R)|, with
K; € F—R and such that W; lies in the same cluster as o(K; N (R)) and for each
cluster C' € B with CN (N (R)) # 0 we have |C\ (UUW Up(N(R)))| > rn/8-|C|

Moreover, for any set U C V(G)\ (UUW U@(RUN(R))), for which deg(B) >
|Fy| 4 |Fo| + |UUU| +nn for each B € B and such that for any C' € V(H) with
CNU # O we have |C\ (UUW UU U @p(N(R)))| > rn/8-|C|, we can further
extend ¢ to the whole F avoiding U U U such that o(F1) € UB. Moreover, the
extension ¢ is such that for any cluster C' € V(H) with CN(F —(RUN(R)) # 0,
we have |C\ (U UU)| > /8- |C|.

2. If deg(A,B) > |Fi| + |UBNU| 4+ nn and deg(B,V(H) \ B) > |Fy| + |U| + nn
for each B € B, then we can extend ¢ to F in V(G) avoiding U and such that
e(V(F1)) CUB, o(V(F,)) CUNua(B)\ B, and V(Fy) are mapped on ultratypical
vertices. Moreover, the embedding ¢ is such that for any cluster C € V(H) with
CNe(F —R)#0, we have |C\ (p(F)UU)| >rn/8-|C|.

We at first prove Proposition [4.18

Proof of Proposition[{.18. Given n,d > 0 and r € Q set ¢ = min{(%2)?, %2} For any

T
12/ 7 100
e
Nmax € N set 6 = Ww?ax.

We shall define a set U of vertices used for the embedding process. At the beginning
U= ©(R). At any time of the embedding process, let ¢ be the partial embedding of
F. We shall embed one by one each component K € F' — R. The embedding ¢ will be
defined in such a way that (K N Fy) € S and (K N F, \ R) € L. During the whole
embedding process, we shall ensure that the following holds

deg(A, 8 N V(M) >
LB - eE))+ Y max{Uui)ncl,

r CCS:CDeM r
This holds at the beginning when U = R.
For each next K € F' — R to be embedded, let Rx be the vertices in R adjacent to
K (at least one, at most two). Let S’ € SNV (M) be such that both p(Rg) are typical
to each cluster C € &'. By Lemma [2.7] we have that |S N M| — |S'| < 2y/&|V(H)| and

thus similarly as in the proof of Proposition .9 we can calculate for z; € Rk, i = 1,2
that deg(¢(z;),US’") > deg(A, SNV (M)) — 3y/en/r and thus

deg(e(z:),|JS")

1—7r

(UuT)ND|}+nn.

1—r 1—7r ~
> ——(Bl-leE)D+ > U N D]
CCS:CDeM
]__
+ Y max{|{UNC|,~—|UNDI[} +nn — 3/en/r
CCS:CDeM r
1—r ~ 1—r ~ 3nn
> — (Bl -le(B))+ Y max{|(UUD)NC|,—=|UU0)N DI} + =
r CCS:CDeM r
1—r

r

> > (max{|(UUU)ﬂC’|,

(UuU)ND|} + 3nn/(4|8’|)> .
CCS':CDheM

47



Then there is a C € &' with CD € M such that
- 1 — -
deg(p(z;), C) > max{|(UUU)NC|, TTKUU U) N DI} + 3nn/(4[S"]) .

Thus,
O]~ max{|(T UD) N €|, @ U A D]}
> deg(ip(a1, C)) — max{|(TTUU) N C], > " uv)no) (4.13)
> 3nn/(4]S8"])
>~ fn+n/ 2V (H)))
> |FiNK[+nr|C|/2, (4.14)

where the third inequality follows from the definition of § and the last inequality follows
from Proposition (1). Similarly we have

1—1r

(UuU)NDI})

D\ (@ UU)| 2 (€| - max{|(T UV) N C,

—m/(2|V (H)))
> |l N K| +nr|D|/2, (4.15)

where we again use the definition of 5 and Proposition (1).

In particular, in the neighbourhood of each vertex u; € p(Rk), i = 1,2, there are
at least |Fy N K| unused vertices of C'\ U that are typical w.r.t. D\ (UUU). Let
©(N(xz;) N K) =wv;, i = 1,2, be such vertices. Hence,

deg(vi, D\ (UUU)) > (d—¢)|D\ (UUU)| > (d—&)rn|D|/8 > 3¢| D|
for i = 1,2. Observe that |K| < fn < vy S emin{|C/|,|D|}. We can thus use
Lemma with Trpmn == K, Xjg = C\ (UUU), Yjgg =D\ (UUU), Rigma :=
{N(z;), i = 1,2} eipmg:= ¢, apqg := %, and d;gg = d to embed K in C'U D with
e(FiNK)CC\(UUU)CSand p(F,NK\R)C D\ (UUU)C L. Add ¢(K) to U.
From (4.14) and (4.15)), we now have that |C'\ (UUU)| > rn/8|C|, and |[D\ (UUU)| >
rn/8|D|. Observe also that for the partial embedding ¢ we have

deg(A, SNV (M))

r

>
_ﬁn—i—l

1— 1—
>R+ Y max{{UNC|,—|{UnD[}+m
r CCS:CDeM r
I—r ~ 1—7r
> (|Fo| = le(FB))+UNL)+ > max{|[UNC|,——[UND|} +nn
r CCS:CDeM r
1—7r ~ 1—r7r -
> — (1B = [e(F))+ > maX{|(UUU)ﬂC|,T|(UUU)ﬂD|}+Tm,

CCS:ChbeM

where the last inequality comes from the fact that |[F1N K| < |[F,N K| for all K € F—R,
and that the embedding ¢ was defined in such a way that ¢(F;) C S and p(F2\ R) C L.
Proceeding in the same way for every K € F — R, we extend ¢(R) to the whole
anchored forest F' in such a way that ¢(F;) CSNV(M), p(F> \ R) € LNV (M), and

for each cluster C' € V(H) with C' N p(F — R) # §) we have |C'\ (T UU)| > rn/8|C].
[
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We conclude this section by proving Proposition

Proof of Proposition[{.19. Given n,d > 0 and r € QT, let € := min{(%)2 , %}. Then
for any Nyae € N, set 8 = I ]g’fw.

We shall prove only the more difficult Case (1). Case (2) can be proven either
analogously, or can be much simplified as F, will be mapped outside of B and thus does
not need any reservation or cause any difficulties in embedding F3.

We define a set W = W; U W, U... of reserved vertices by setting W = () at the
beginning and progressively adding vertices to it. Also we shall define the set W as
the set of vertices used by the partial embedding of ' — R. Hence at the beginning we
have W = (. Suppose that for some s, we have already embedded K ; € F— R, for
jJ < s. Suppose that W = W; U --- U Wj is the corresponding set of reserved vertices,
fLe, (WUW|= >5—1 |Kj|. For the next component K, € F' — R to be embedded, let
Rs1 be the set of vertices in R adjacent to K, (at least one, at most two). Let B’ C B
be such that ¢(Rs.1) are typical to each cluster C' € B’. By Lemma we have that
|B\ B'| <24/¢|V(H)| and thus similarly as in Proposition 4.9 we get for « € R, that

deg(ip(2), U B) > deg(4, B) — 3vzn/r

s+1

>N KN F|+|UBNU|+nn—3en/r
j=1

> | Wy + W]+ |Kepn N E |+ BN U+ 3nn/4
j=1

> Koot N By + W]+ W[+ BN U| + 3nn/4,

Hence there is a cluster B € B’ (not depending on the choice of vertex = in Rsi1)
such that
nn nn

deg(p(z), B\ (UUW UW)) > 3nn/(4|B']) > N + 2TV ()] > fn+nr/2-|B|.

In particular, in the neighbourhood of each vertex of Ry, there are at least |Ki|
unused and unreserved ultratypical vertices in B\U. For each z € R, map its neighbor
in K1 to one of these vertices and add the image to W. Choose a set of vertices of size
K1 NFL\ N(R)| in B\ (UUW UW) and add it to Wiy, (i.e., also to W). Observe
that |B\ (UUW UW)| > nr/8-|B|. We proceed in the same way for every K € F — R.

When we have embedded N(R) N K of the last component K € F — R, we have
obtained an embedding of N(R) and a reservation set W = W, UW,U. .. for F} \ N(R)
such that W; lies in the same cluster as (N (R) N K;) does, and in such a way, that for
any cluster B where we embedded vertices from N(R) (and possibly reserved space), we
still have at least some unused and unreserved vertices, i.e., |B\ (UUWUW)| > nr/8-|B|.

Now we shall proceed with the 'moreover’ part, i.e., the embedding the left-over of
the trees K; € F' — R. Let u,v in cluster B be the images of K; N N(R) (alternatively
there is only one such image). Set W; = () (and thus remove from W a set of vertices of
the size |K; N Fy \ N(R)|). Similarly as above, we find D € V(H) such that

deg(u, D\ (UUW UW UTU) > |K; N F| +nr/8-|D|,

and similarly

deg(v, D\ (UUW UW UTU) > |K; N Fy| +nr/8-|D|.
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As we have |B\ (UUWUWUU)| > |K;NF\N(R)|+rn/8-|B| and r/8 > 3¢, we may
use Lemmawith Tipmm = Kj, Ripma = K;NN(R), Xjgg:= B\ (UUWUWUU),
Yipm: =D\ (UUWUUUW), ajgrg = %, et = €, and dp1g = d to extend ¢
to the whole K; with /7 N K; C B and F5 N K; € D and add the used vertices to w.
Observe that after the embedding of K, we still have in each cluster B and D at least
rn/8 - |B| and r1/8 - | D| vertices, respectively, outside U, W, U, and W. We continue
until every K € F' — R is embedded. O]

4.2.5 Proof of Proposition [4.11

Given 6,q,d > 0 and 7 < ' < 1/2 set
5 5 5q\”
£ := min {em@O,d, ), erzmlg dor). (j) ,d/w} ,

5 - J -
/8 = min {Bm(%? T,7 67 Nmal’)’ 5@(%7r/’ 67 Nmal‘)? 57"/8} )
200
0 -— 6qu/6.

We gradually construct an injective homomorphism ¢ of T" into H. To this end we
consider the four introduced cases.

In each case, we start by embedding the vertices of W4 and Wpg to ultratypical
vertices of A and B, respectively. This can be done by applying Lemma [2.14 with X[p1g
and Y/pg being the sets of ultratypical vertices of A and B, respectively, Tig1g being
any tree with colour classes W, and Wp such that T[W, U Wp] is a subgraph of Tipg,
aprg = 5e and Rprg = 0. Note that the assumptions of Lemma [2.14] are satisfied, since
the pair (A, B) has density at least d — e > 15¢, by Lemma[2.7] at least 1 — /& > 4/5 of
vertices of A or B, respectively, are ultratypical, and moreover |W4| < €|A|, |Wg| < ¢|B|
by definition of fine partition.

We embed the rest of the tree T' using different strategy for each case. In what
follows, we use indexes 1 and 2 to denote that the structure is a substructure of 1 or 75,
respectively.

When using Propositions and , we shall always use (here we use the index
p to indicate the parameter of the propositions) dp = d, rp := 1/, Npazr := Npaz,
np :=n, Hp :== H, Hp := H, and Rp will be either W, or Wg depending whether
we embed part of Dy, or Dpg, respectively. In some cases, we shall use Proposition
several times. To avoid confusion, we shall use upper indices in parenthesis, e.g., Upgtg,
to indicate to which application of the proposition we refer. We will write Dpg; as a
shortcut for Dg NV (T1) and Dpy := D NV (T3) and Dy as a shorteut for Dy NV (T3)
(sic) and Dyo := Dy N V(Ty). Thus, neighbours of W4 or Wy are in Dy or Dyo,
respectively.

Case A

In this case we assume that there are two adjacent clusters A and B in H such that
deg(A, 81 USy) > 5| Das| + 0k and deg(B, L) > (7 + 0)k.

We start by embedding the vertices of W4 and Wg to ultratypical vertices of clusters
A and B, respectively. We then further partition the rest of T" and embed it in the
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Figure 4.4: The embedding configuration in the case A. After inserting the vertices of
W, W in the ultratypical vertices of clusters A and B we use Proposition [£.18|to embed
F' in the matching connecting Sy; ;== SN M and £ N M. Then we invoke Proposition
to embed G’ using the vertices in §;. Finally, we again invoke Proposition to
embed Dg. Note that in this case, as well as in all of the subsequent cases, it may be
the case that B € ;.

following three steps which we describe in detail later. We partition the trees from D4
in two sets — F and G and define ' and G’ as sets of subtrees of F and G, respectively,
with leaves in D4, removed. We denote F N Dy, and G NDy; by F; and G; respectively,
for i = 1,2. Analogously, we define F/ and G, for i = 1, 2.

In the first step, we embed F’ into the edges of the matching M using Proposition
and we embed G’ through S; vertices using Proposition (i.e., ¢(G)) € S; and
v(G3) € L).

In the second step, we embed the trees from Dp; using again Proposition[4.19 To this
end we again use the bound on the degree of the cluster B — specifically, as deg(B, £) >
Tk + 0k = |Dao U Dpy| + 0k, the cluster B has enough neighbours for embedding Dpy,
even though D4, is already embedded.

In the third step, we embed F\ F’ and G\ G’ greedily. The structure of the embedded
tree is sketched in Figure 4.4

1. In this step we embed the trees from the anchored forest D4 except of several
leaves, ensuring that the neighbours of those left-out leaves are mapped to ultra-
typical vertices in L-clusters. We split the anchored Sk-forest D4 into two disjoint
forests F and G in the following way. Let F be a maximal subset of trees of Dy
such that

r r!

F| < 5k /2, (4.16)
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and we choose it as an empty set if the size of the expression is less than zero.

This means that if G is non-empty then

/ ,r,l

,
eg(A ——0k/2 — 4.1
1_rldeg( ,Snm) 1—7“’(%/ Bk, (4.17)
otherwise we could move a suitable tree from G to F while retaining the condition
imposed on F. By deleting the leaves of trees in D4 that are contained in F; U G,
we get forests F' and G'. For each tree K € F'UG" we have |K N (F,UG))| <
|K N (F5UG))|, because each vertex from K N (F] UGp) has at least one child in
(F3 U Gy). Specifically, |G| < [Gs].

Now we apply Proposition to our anchored forest Fpggg := F' if it is non-
empty. Set Uprtg := ¢(Wa U Wg), naram := ¢d/4, Mprag = M, and Aprg = A.
From Definition [2.§ we know that |Upgg| = [Wa U Wg| < 12k/(Bk) = 12/.

To apply the proposition it suffices to verify that the degree of A in S, is sufficiently

large, as by definition of F’ we know that for each K € D, we have |K N Fj| <
|K N Fj|. We have

| Fao| >

,,,,/
| Fo| + 6k/2
1 —
T’

,,,,/
Fol+ > max{|Ugmn O], —;
CCS:CDeM r

7!
1—

7!
1—

,r./

,,,,/ /r,/
> | Fa| + \Urgg| + 0k /4

1—

,r,/
> \Urzm N DI} + nezan

where the first inequality is due to the definition of F (bound {4.16]) and the second
one and third one are due to the facts that dk/4 > 1;,’"/ |Upgg| (from the choice of
no) and 0k/4 > nprggn (from the choice of narg).

If G is non-empty and, thus, the bound holds, we proceed by embedding G'.

We apply Proposition (Configuration 2) to the anchored forest G’ and Bgﬁm =
Si. As we know that Ng(S;) is disjoint from Sy, there is no need to include
©(F1) € Sy in the forbidden set U that ensures the injectiveness of . Thus, we

set U}h = p(FUW,4UWg).

Also note that UBSZ)I‘ZI N U}(;Pm C (W4 UWpg), because p(F2) € L (we could
actually replace W4 U Wg by Wg). Let ngjlgm := dq/4, and Agﬁm = A. Now we
verify the first condition from Proposition For the degree of the cluster A in
S; we have

deg(A,Sy) = deg(A, S USy) — deg(A, Sur)

1 =
assumption of this configuration ‘ 2 ~ ! ‘,DA2| + (Sk' - d@(A, SM)
T
1—7 1—7 1—7
Fgr/,bound‘ > 7 |f2Ug2|+5]€— - ’f2|—(5k'/2— Bk
1—7
’ bounding error terms ‘ 2 r’ |gz| + 3(5]{;/8

> |Gt + 30k /3

> G| + |U Bl N Ut + i
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where we at first used the lower bound on the degree of A in & U Sy, then the
lower bound on the size of F5, after bounding the error terms we used the fact that
|G5| > |G1] and then we again bounded the errors terms by using the facts that

|U B N Utitgl < 1Wa U Wp| < 6k/8 and niggn < ok /4.
Further we verify that for each cluster C' € S; we have
deg(C, V(H) \ Bigm) = deg(C, £) > 7k + 6k
[ownd onthe v o] > |Das| + [p(Wa UWp)| + nipggn
= | Bl + |Ga| + p(Wa U Wp)| + njgn
> |G| + |Utgal + iz

Thus we can extend ¢ to G. Note that p(Gs) C L.

. In this step we embed the trees from Dg using Configuration 1 from Proposition
The appropriate set U % guaranteeing the injectiveness of ¢ consists of

o(FLUFUG UGLUW L UWp). We set Bigg = L, 1\igg := 6q/2 and AYpg := B.
First we verify the first condition of the proposition. We have

deg(B, £) > 7k + ok
[boundontheskewofT[ - ’qugQUDB]_‘ +5k
‘bounding error terms‘ Z |(p<f2 U gQ U WA U WB)| + |DB1| + 5k/2

> | BHmN Ul + D1 + 1

We immediately use the 'moreover’ part of the proposition with U I(J%EI = () and
verify that for each L-cluster C' we have

deg(C) > k + 6k
> |Dp1| + |Dpa| + |Da| + [Wa U Wg| + 0k

> |Dpi1| + |Dpa| + |U1%)I33I‘ +771(32@)I33f” ;

where we use mainly the fact that |[Dy UDg U W4 U Wg| = k.

. We have defined an injective homomorphism ¢ of the whole tree T" except of its
leaves from F; \ F| and G; \ G|. We know that their neighbours are embedded in
ultratypical vertices of L-clusters. By Proposition such vertices have degree at
least k 4 0k — 2v/en/r’ > k as 6q > 2+/¢/r’. Thus we can greedily extend ¢ to the
whole tree T'.

Case B

In this case we assume that 7|D 41| > (1—7)|Daz| and that there are two adjacent clusters
A, B such that deg(A,S1USy UL) > (140)k and deg(B, L) > (7+d)k. The embedding
procedure is roughly similar to the one from Case A. However, for embedding D4 we
now also use L.

We start by embedding certain part of the anchored forest D4 using the matching M
and the set &; similarly to the Case A. Then, we proceed by reserving |Dp;| vertices
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Figure 4.5: The embedding configuration in the case B. After inserting the vertices of
Wa, W in the ultratypical vertices of clusters A and B we use Proposition .18 to embed
F' in the matching M. Then we invoke Proposition to embed G’ using the vertices
in §;. Then we reserve suitable vertices in the neighbourhood of the cluster B in £ that
will later serve for embedding of Dp; using Proposition Then we embed #H; using
the same proposition and finally we embed Dp through the reserved vertices.

that will later help us to embed the anchored trees from Dp. In the third part we
embed the rest of the forest D4 using the high degree vertices in £, and then proceed by
embedding Dp using the reserved vertices. Finally, we argue that we can embed several
leftover leaves of the tree as in the previous case.

1. Analogously to the preceding case we split the anchored forest D 4 into three disjoint
sets F=F,UF, G =G, UGy, and H = H; UH, in the following way.

Let Ky, K>, ... be the trees of D4 sorted according to their skew, i.e., according to
the ratio |K; NV (Ty)|/|K; NV (T})| in descending order. We define F as the union
Ky U---UKj, where j is taken to be maximal such that

J ! v
| Fo| =D |KinV(Th)| < deg(A, Su) — ]

ol
= 1—7r

5k/3. (4.18)

— !

If the right hand side is less than zero, define F as the empty set. Then we similarly
define G as the union of trees Kj;1,..., K, where 7’ is maximal such that

J’ / /

r T
Gl = > [Kin V(D) < - deg(A, &) — —
i=j+1 - L—r

5k/3. (4.19)

Finally we set H =D \ (FUG).
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As before, we have

/ /

r r
> eg — — .
ol = deg(A, Su) — - 0k/3 = Bk, (420)
if ¥ # D4 and
7,,/ 7,/
> eg — — .
Gol = 1 dug(A, S1) — 1 0h/3 — Bk (21)
if F UG # D4. Additionally, we also have
TIFrUG | > (1 —7)|F UG, (4.22)

because of the assumption 7#|D4q| > (1 — 7)|Das| and the fact that in F UG there
are the anchored trees with biggest skew.

We define 7" and G’ as in the previous case. We have |K NF{| < |K N Fy| for each
K € F and |G;] < |G|

If 7" is non-empty we apply Proposition to embed the anchored forest Frgg :=
F’ in the same way as in the previous case. Set Upgrg = @(WaAUWE), nrrm = dq/4,
raam =, Mpgg = M, and Apgg ;= A. Similarly to the previous case we verify
that

,r,/

| Fa| + 0k/3
1—7 1—7

= | Fa| + 7 \Urg| + 0k/4
1—7 1—

7,,/
Fl+ >, max{|[UmmnC|, U= DI} + nizn
CCS:CDheM

,r.l

>

>

,r.l

If G is non-empty we proceed by embedding G’. This is also done in an analogous
way to the preceding case.

We apply Proposition (Configuration 2) to the anchored forest F' % =g
and set Bgﬁm := &;. By the properties of a skew LKS graph, the set Ng(S1) US;
is disjoint from Sy; 2 ¢(F), thus for ensuring injectiveness of ¢ it suffices to set
g —— o(F,UW,4UWg) and then we also have UBE}QE@H U% C W,y UWpg.
S:ﬁp}ﬁg :=0q/4, and A}lgm = A.
Now we verify the first condition from the proposition. For the degree of the
cluster A in S; we have
1_
r’
> (611 + |U Btz N Usidal + it
where we use the definition of G, the fact that |G,| > |G| and the fact that
|U BV N Uiyl < 6q/12.
Further, we verify that for each cluster C' € S; we have
deg(C, V(H) \ Bigg) = deg(C, £) > 7k + 0k

> |Das| + |p(WaUWpg)| + 0k/2

> |Fo| + |Ga| + (W4 U Wp)| + 0k/2

> |G| + Ul + itz -

deg(A,81) >~ |G| + 5k /3
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where we used the facts that |Das| < 7k and bounded the error terms in the usual
manner.

2. In this step we reserve suitable vertices for embedding Dp and use Proposition
Configuration 1, to this end.
We apply the proposition the anchored forest F ](J%E = Dg, Agﬁm := B, the set
Ultg = ¢(Wa U W5 U Fo U Gy), and Bigrg := L. Take izl = ¢6/20. We start
by verifying the first condition:

deg(B, L) > 7k + 6k
> | Fo UGy UHy UDgy| + 0k
> |Fo UGy UDp| + 0k
> |Dp1| + |[p(WaUWp UFoUGy)| + 0k/2

> [Dpa| + |Uigml + 1

where we use the upper bound on the smaller colour class of T" and then we bound
the error terms as usual. This gives us an embedding of N(Wg) N Dp as well as
the reservation set W that will help us later for embedding Dp;.

Before finishing the embedding of Dg by invoking the 'moreover’ part of Proposi-
tion .19} Configuration 1, we shall embed the anchored forest #, which will define
the set Uj%ﬁ = p(H).

3. We proceed with embedding of F % := H, using a third time Proposition m,
Configuration 1. Let U = o(N(Wg) N D) UW, |U'| = |Dp1| and set Uz@m =
e(WAUWEUFUG)UU'. Thus UiggNL C o(WaUWEUF,UG,)UU'. Further set
Bg?m =L, ngm =0q/4 > ngi)m, and Ag’gm := A. We verify the first condition
of the proposition:

deg(A, £)
>k + 0k — deg(A, Su) — deg(A, S)
11— 11—
‘boundsand‘ Zk+5k_( /r,rlf2|+5k/3+ T/rﬁk)—
11— 1—7
(=[Gl + 6k /3 + ——Bk)
11—
bounding error terms‘ Z k: - r/ (|FQ| + |g2|) “I'_ 5k/4

1—7

- (| F2| +1Ga|) + 0k /4
— (|F1| + |G1]) + 0k /4
Fol +1Go| + |H| + |Dp| + [WaUWg| + 0k/4
Hil + (WA UWpUFyUGH)| + |Dpi| + 0k/4
Hal + Um0 U Bl + i

where we at first used our bounds on |F3| and |Gs|. Then we used the inequality
T|F1 UG > (1 —7)|F2 UGy, we followed by interpreting k as the size of T" and
used trivial bounds on error term throughout the computation.

v
>

bound

AV AVARLVARV]

.22)
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We immediately use the second part of the proposition with J Ig?@)m = (). We verify
that for each C' € £ we have

deg(C) > k + 6k
=|FUGUHUDgUW,UWg|+ ok

> |H| + [Ho| + UiV Ul + 1

Thus, we can extend ¢ to H. Note that |C'\ (UUU'UU)| > r’nggm]C\/S for each
cluster C' with C' N p(H).

4. Now, we finish up the embedding of Dp, using the 'moreover’ part of the second
application of Proposition The first condition of the proposition is satisfied,
as for each C' € £ we have

deg(C) > k + 6k
= |DaUDgUWsUWpg|+ 0k

> |Dp1| + |Dpa| + |o(Wa U W5 UF UG UH)| + 1l
> [Dp1| + [Dpa| + |Ufgm U Ul + 0

The second condition is that for each cluster C' with C'N p(H) we have |C'\ (U U
Uun)| > r’n}?m|0|/8. This is satisfied as n}?m > 7]%):@ and by the property of
the embedding of H, guaranteed by the third application of Proposition

5. We have defined an injective homomorphism ¢ on the whole tree T except of its
leaves from F; \ Fj and G; \ G;. As we know that their neighbours are embedded
in ultratypical vertices of L-clusters, we can greedily extend the embedding to the
whole tree T', as in Case A.

Case C

In this case we assume that 7|D4;| < (1 —7)|Dao| and that there are adjacent clusters A
and B such that deg(A,S; USy UL) > (1+ )k and deg(B, L) > |Dpa| + 0k = |Dp1| +
0k. The embedding procedure is very similar to the one from the preceding case, the
difference being in the order in which we embed the parts of T" in the host graph.

We start by reserving vertices for the embedding of the anchored forest Dy using
Proposition Then we embed parts of D4 using the matching M and S as in the
previous cases. We have to be more careful, though, as the vertices reserved for Dp can
cover substantial part of M. We finish by embedding the rest of D4 through high degree
L-clusters using Proposition [£.19

1. We start by reserving vertices for embedding the anchored forest Dg such that
Dp1 := Dp NV (T}) will be embedded in the neighbourhood of the cluster B. Set
B}Bm = L and U}ﬁ = (W4 U Wg). Set nﬁ:lgm := ¢d/20, and A}lgm = B.
We apply Proposition [£.19] Configuration 1, to reserve vertices in £ that will later

serve for embedding of Dg. We verify that the first condition of the proposition is
satisfied. Indeed:

deg(B, L) > |Dpy| + ok
> (D1 | + | (Wa UWg)| + b
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Figure 4.6: The embedding configuration in the case C. The configuration is very similar
to the preceding one from case B. However, in this case we start by embedding Dg in
the neighbourhood of the cluster B. The figure suggests that because of the vertices

reserved for D, we must be more careful in the application of Proposition and add
those vertices in the forbidden set Upgg

where we used the standard error estimation.

This gives us embedding of N(Wpg) N Dp as well as a reserved set W. We set
U = o(N(Wg)NDp) UW, |U'| = [Dpi|. After embedding the whole T" except
of several of its leaf neighbours, we will invoke the second part of the proposition
with UM = o(F' UG UH) where 7' UG UH C Dy. Note that if we set UM
to such value, we will satisfy the first condition needed for the actual embedding
of Dp, because for any cluster C' € L we have

deg(C) > k + 6k
:|DAUDBUWAUWB|+5]€

> |Dp1| + |Dpal + Ut U U] + g -

To satisfy the second condition we will ensure that for all subsequent applications
of Propositions and we choose the value 1 being greater than nga)m.

2. We now proceed by embedding the anchored forest D4 analogously to the previous
case. We split the forest Dy into three (possibly empty) forests F,G,H in such a
way that F is maximal with

/ /

——deg(4, Sur) — |U'| = k3. (4.23)

| Fa| < -

1

or F is empty if the value of right hand side is smaller then zero. Moreover, if
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F # Dy, we have

/ /

r r
ol = 7= deg(A, Su) — [U'] = 7——0k/3 = Bk . (4.24)
Then we similarly define G to be maximal such that
r r’
G| < T deg(A, 1) — 7 0k/3 (4.25)

or G is empty if the value of right hand side is smaller then zero. Moreover, if
F UG # Dy, we have

7,,/ 7,,/

> GO _
’g2| - 1 _ r/deg(A7S]-) 1

5k/3 — Bk . (4.26)

—

We have H := D4 \ (FUQG) and, as in the previous case, F UG consist of the trees
with big skew, so if D45 is non-empty we have:

1j7” > |DA1| > |7‘[1|

r [Daa| — [Ho]

. (4.27)

We define 7" and G’ as usual. We use Proposition to embed the forest Frgg :=

F' as in the previous cases. Set Uprgg := @(Wa U Wg) U U’, narm = dq/4,

Mprg = M, and Apggg:= A. We verify that

1—7 1—7
AT

1—7 1—9

|f2| +

deg(A, Sy) > U'| + 6k/3

>

r r
]_

T,

1—

7,,/
> T, \Urzm N DI} + negzan

,r,/
Fol+ >, max{|UmmnC|,
CCS:CDeM

where we used the fact that |Uggag| = [¢(Wa U Wg)| + |U'| < |U'| + 0k/12.
If G is non-empty, we proceed by embedding G’. As in the preceding cases, we apply
Proposition@ Configuration 2, to Fj%ﬁ := G’ and set B%)m = &. As we know
that Ng(S1) U Sy is disjoint from Sy 2 ¢(F]), for ensuring the injectiveness of
¢ it suffices to set Ul%)jg = p(FLUW,L,UWg)UU'. Because o(Fy) UU' C L, we
have UB}?E@H UJ(J%EI C (W4 UWpg). Set n}%}m := dq/4, and Agﬁm =A. We
start by verifying the first condition from the proposition. We have
1 —
T’
> (G| + | U Bl " Utz + iz
where we use the definition of G, the fact that |Gy| > |G| and the fact that
U BN Ui < 12/
Further we verify that for each cluster C' € §; we have
deg(C, V(H) \ | BYy) = deg(C, £) > ik + ok
> |Dazl| + |Dpal + 0k

> (| P2l +1G2]) + [Dp1| + [o(Wa U Wg)| + 6k/2

> |Gh| + |p(Fy UWaA UWg)| + U] + 6k /2

> |Gyl + [Usgtzl +

deg(A, 81) > ———|Ga| + 0k/3
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where we started by using the bound on the skew of T, i.e., |Das| + |Dpa| < 7k,
then bounded the error terms and rearranged suitable terms.

3. Now we apply Proposition m, the first part, to embed the forest F G = H.
Set Bigg = £ and Ul == ¢(Wa U W U F UG) U U, thus Ulgg N £ C
e(WaUWpUF,UGL) UU'. Set n%g = 0q/8, and A(ﬁﬁm := A. We start by
verifying the first condition:

deg(A, £) > k + 6k — deg(A, Sur) — deg(A, S1)

1—7 1—7 1—7
[bounds @20 and @3] > k + 0k — ( o | Fa| + 0k/3 + T, |Dp1| + r, Bk)
(A Gal + ok f3+ 2 )
i oo e zk—1;/r/(|]—"2UQQUDBl|)+5k/4
zk—lgf(|F2ug2uD31|)+6k/4
1

=k——(|F2UGsUDpg1|) + (|F2 UG UDp]) + dk/4

—=

>k — —(Fk — [Ha]) + (|F2 U G2 U Dpi) + dk/4

1
= ~[Ha| + (|72 U G2 U D) + 3k /4
1—7
f
bound > [Hy| + [p(Wa UWp U Fs UG + |Dpi| + nigmin
> 3]+ U U Bt + 1

<

v

|Ha| + (| F2 U Go UDpy|) + 6k/4

We set U ,@m = () and immediately invoke the second part of proposition. We
verify that for each C' € £ we have

deg(C) > k + 6k
= |DaUDp UW4UWpg|+ 0k
> [Ha| + [Ha| + | p(WaUWpUF UG )UT'| +77§|’)Hg[n
> [Ha] + el + Uit Utgml + it -
Thus we _can extend ¢ to H. Moreover, note that after each application of Propo-
sitions and ulf;’it was true that ¢ avoided at least 7’ ngjlgm\C |/8 vertices of

each cluster C'. Thus, we can extend ¢ to D as we promised in the first part of
the analysis of this case.

4. We have defined ¢ on the whole tree T" except for F; \ F] and G; \ G;. We can
again extend ¢ to the whole 7" in the usual greedy manner.

Case D

In this case we assume the existence of two adjacent clusters A, B such that deg(A, Sy U
L) > k+dk and deg(B, L) > |Dpa|+0k. Moreover, we assume that 7|Day| > (1—7)|D 4
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and |Dps| < “=rk and for each edge (C, D) C M either deg(A, C') = 0 or deg(A, D) = 0.

-7
We proceed in the same way as in the previous case, although the analysis is different.

S Sm So
F
1
e GRS
/
! /
/ ’
/ /
/ ’
/ //
1
/ ’
/ , I
. / / [ N v
v / / [ \ / N v
\ 4 / / / A L
— — y = =, . L
o / / I \ . ~ \ /
\\1\/ \ /- // N PN --2 \ \/ _ -
/
G @ 7 Dir Dy

Figure 4.7: The embedding configuration in the case D. The order of operations is the
same as in the preceding case, but the analysis is different. The figure suggests that as
in the previous case we have to me more careful in the application of Proposition 4.18
The special condition on the neighbourhood of the cluster A plays the following role: we
split the reserved vertices for Dp; into two parts — the vertices in the neighbourhood of
A (the right rectangle on the figure) and those that are not neighbours of A (the left
rectangle). Now the condition implies that the first type of vertices does not play a role
in the embedding of F’ using the matching, whilst the second type of vertices does not
have to be considered in the embedding of G through the L£-neighbourhood of A.

1. We start by reserving vertices for embedding the anchored forest F % :=Dp =
Dp1UDpgs such that Dy will be embedded in the L-neighbourhood of the cluster B.
This is done using Proposition [£.19]in the exactly same way as in the previous case.
We get an embedding of N(Wpg) N Dp and a set of reserved vertices W. We set
U = o(NWg)NDg)U W, |U'| = |Dpi|. We will also invoke the 'moreover’
part Proposition after embedding the rest of 7" and then we set U % =
e(F'UG) for FUG C Dy. We have to ensure that for subsequent applications of

Propositions and we have n > ngjlgm = q0/20.

Moreover, we split the set U’ C L in two sets U] and Uj such that U] contains the
vertices from U’ contained in clusters C' such that C' € Ng(A) (we define Ng(A)
as the set of clusters C' with deg(A,C) > 0) and Uj) := U’ \ U;. Note that our
assumption on the neighbourhood of cluster A states that if we have (C, D) C M
with D N U; # 0, we have then deg(A, C) = 0.
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2. We continue by embedding the anchored forest D4 analogously to previous cases.
Partition D4 = F U G, ordering the components by decreasing order f their skew,
in such a way that F is maximal with

/ /

deg (A, Sur) — U] - 5 - —ok/2, (4.28)

r
11—

|F2| <

or F is empty if the right hand side is smaller than zero. We define F" as usual. If
F # Dy, we have

/ /

T y T
—deg(A, Sur) — |Uj — 7= 0k/2 = Bk . (4.29)

| Fa| > -

Moreover, F is chosen so that it contains the trees with maximal skew, thus if it
is non-empty we have

|F1| > |.7-"1U91| > 1—7r

4.30
| Fo| = | FoUGs| — F (4:30)

Now we use Proposition[1.18]to embed Fprg := F. Set Upgg := @(WaUWg)UU;
and M pzg be only those matching pairs (C, D), C C S such that deg(A,C) > 0.
Observe that U] is disjoint from UV (M pzg). Set npgg := 0q/3, and Apgg:= A.
As in the previous cases we easily verify that

1 1
R+ UL+ ok /2

,r./ T/
1—9 1-—
r! |}—2| + r!
1 —

,r./

/
> ! \Urrg| + 0k/3

1—

,r,/
o U N D)} + nn.

,,,,/
Fl+ Y. max{|UgmnC|,
CCS:CDheM

>

Thus we can extend ¢ to F'. Note that F is embedded in L-clusters that are not
in the neighbourhood of A. Indeed, from our assumption on the cluster A we have
deg(A, D) = 0 for any edge C'D € Mpzgg, with C' C S.

3. We now apply Proposition first part, to embed Ff(& = @ if it is non-
empty. Set Bgﬁm := LN Nug(A) and UI(J%E = p(WaUWgUF)UU'. Note that
U]%)mm UB%:E C p(WaUWpg)UU], as we know that neither Uj, nor ¢(F}) is
in Ng(A) and o(F;) N L =10. Set N3 = ¢8/4, and Agﬁm = A.

We verify the first condition of the proposition:
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deg(A, L) > k + ok —d@(A Su)
1—
>k + 0k — ( !+ A )

1-— 1—7
[ammar] > k+0 <mm++wo—ﬁm— -
1—7
=] 2k-

2 k=17
. 1i7jk+|U{|+5k/3

= (1—7)k — |F| + |Uj| + 6k/3
> |Das| — | F1] + |Uy| + 0k/3
> |G| + |Uj| + 0k/3

> |Gi| + Ui N U Bidml + 0 -

Bk

S0 4 k3

|+ k/3

17

assumed bound on Dpg

[ bound on the skew of T'

We set U ﬁ@ := () and immediately apply the second part of the proposition. We
verify that for each C' € £ we have

deg(C) > k + ok
=|DsUDp UW,UWpg|+ 0k

> |G1] + 1G] + |(Wa U W5 U F)| + [ Dpa| + gz
> |61l + 1G2| + UitV Uil + it -
Thus, we can extend 90 to G. Moreover, after each operation it was true that ¢

avoided at least 1’ 77 |C ] /8 vertices of each cluster C. Thus, we can extend ¢
to Dp using the 'moreover’ part of Proposition

4. We again extend the embedding of T' greedily to J; \ F as usual.
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Chapter 5

The skew Loebl-Komlds-Sds
conjecture for paths

In this chapter we verify that the skew Loebl-Komlés-Sés conjecture holds for paths.
Since paths have very simple structure, we will be able to verify the conjecture for them
in full generality.

The path on k vertices is arguably the most important tree from 7Ty, thus it make sense
to verify that our embedding conjectures hold for them. That the Erdds-Sés conjecture
holds for paths for observed already in 1959 by Erdds and Gallai. In Section [5.2] we
interpret their proof as a simple algorithm for finding the path. This will serve as a
motivation for a later algorithm for finding paths in LKS graphs.

Theorem 5.1. Every (r, k)-LKS graph G contains a path on |2rk| + 1 vertices.

The proof that we present in the next section is basically the one from [BLWOQ].
Although it appears there only for the special case r = 1/2, the generalisation for all
r < 1/2 is straightforward and does not affect the combinatorial part of the proof. We
still give the proof here, since it is not clear that all of the computations really work out
as desired for r < 1/2.

Note that after seeing the proof of Theorem [5.1} one can observe that there is an
appropriate polynomial time algorithm for constructing long paths in (r, k)-LKS graphs.
In the last section we actually provide an algorithm with linear time complexity for fixed
r < 1/2 (we however state the theorem with the dependence of time complexity on 7).

Theorem 5.2. There is an algorithm for an (r,k)-LKS graph G finds a path on |2rk|+1
vertices in time O(min(m/(1 — 2r), mk)).

The author implemented the algorithm as his software project.

5.1 Proof of Theorem [5.1]

For fixed r suppose that k is the smallest integer for which the theorem fails, i.e., there
is an (r, k)-LKS graph G such that Pjoy;)+1 € G. Since k is minimal, G contains a path
on [2r(k—1)] +1> |2rk — 1] +1 = |2rk]| vertices. Now we define ' < r to be such
that 2r'k = |2rk]. Hence we have an (r', k)-LKS graph that does not contain a path on
2r'k + 1 vertices, but does contain a path on 21’k vertices. We may, moreover, assume
that G is an inclusion-wise minimal counterexample to ' and k, hence it is connected
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and does not contain edges between its S-vertices. It can be checked that the theorem
holds for any r, k if 7k < 1, hence we suppose that k > L > 2.

T/

We now derive a contradiction by finding a path on 2r'k + 1 vertices in G. For
convenience and since we do not use the value of r anymore, we use the letter r to
denote the value of r'.

Before proving the theorem we gradually show that the following configurations can-
not occur in G:

Proposition 5.3. The following cannot occur in G:

1. G contains a path on 2rk vertices with one of its endpoints in L.

2. G contains a path on 2rk — 1 vertices with both of its endpoints in L.

3. G contains a cycle C' on at least 2rk vertices.

4. G contains a cycle C' on 2rk — 1 vertices.

5. G contains a cycle C' on 2rk — 2 vertices.

Proof. 1-2 We use the greedy argument to prolong the path and get a path on 2rk +1
vertices.

3 @ is connected and has at least £ + 1 > 2rk 4.1 vertices. Thus there are u € C
and v € G\ C connected by an edge. Then vuau_ is a path with at least 2rk 41
vertices.

4 We will consider two cases.

(a)

There is an L-vertex u outside of C.

Thus we have a path ? from u to some v € C'. Now the path u?vav_ has
at least 2rk vertices and one of its endpoint is in L. This contradicts the first
statement of this proposition.

All L-vertices are in C'.

If there are two consecutive vertices in C' that are both in L, the rest of
the cycle forms a path with both of its endpoints in L, which contradicts
the second statement of this proposition. Otherwise the size of C' is at least
2|L| > 2rn > 2r(k 4+ 1) > 2rk, which contradicts the third statement from
this lemma.

5 Let 8 be an oriented cycle of length 2rk — 2 in L such that the number of L
vertices on C' is the largest possible. We will again consider two cases.

(a)

There is an L-vertex u outside of C.

Thus, there is a path ? from u to some v € C'. The path has to consist of a
single edge, otherwise we would have a path on at least 2rk vertices with one
endpoint in L. We can ﬁlso assume that both v~ and vt are in S, otherwise
the path wvC'v™ or uvC'vt would have 2rk — 1 vertices and both endpoints
in L. This means that v has to be in L.

If v,w € C and there are edges uv and uw, it cannot happen that w = v* or
w = vTT, because then the cycle uwavu would have either more vertices or
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more L-vertices than C. It also cannot be the case that w = v*™", as this
would mean that v* and v+ = w™ are two neighbouring S-vertices.

So there are at most (2rk — 2)/4 edges from u to C. The rest of the neigh-
bours of u has to be leaves, because otherwise we would again have a path
contradicting the first part of this lemma. Number of those neighbours is at

foast ok — 2 1 111
TR — T T

- (- kros>(1-0) e =2

1 ( 2) +2>< 2)r+2 r

But this contradicts Lemma [2.3] for X defined as the leaf neighbours of w.

All L-vertices are on C.

Thus 2rk—2 = |C| > |L| > rn, implying that k > 2+1 > 2. Let Sc = SNC
and Sg = S\ C. Additionally, we denote A C C'N L the set of L vertices lying
on C such that their successors on C' are also in L. We have |A| = |L| —|S¢|.

We may suppose that two different vertices u, v from A have different neigh-
bourhoods in Sg (i.e. N(u)NN(v) NSk =0) because if there were two edges

uw and vw (for some w € Sg) the path ut CowuC vt of length 2rk —1 would
have both of its endpoints in L, contradicting the second statement of this
proposition.

Each vertex in L has at most 2rk — 3 neighbours in C and therefore at least
k — (2rk — 3) neighbours in Si. From this we can estimate size of Sg, which
gives us a bound on the size of S¢. Specifically, we have

(1 =r)n—=|Sc| = [S| = [Sc| = [Sk| = [Al(k — 2rk + 3)
= (|L| = |Sc|)(k — 2rk + 3) > (rn — |Sc|)(k — 2rk + 3).

By rearranging the terms we get

|Scl(k —2rk +2) > (k—2rk+3)rn — (1 —r)n,

hence
k—2rk+2+1 1—7r
Se| > -
e s Rl s w1
1—2r - 1—2r+2/k n
=-Mm-——mn>Mm—- ——=——n=7rn— —.
k—2rk+2 k—2rk+2 k

But we know that k > %, therefore |S¢| > rn —2. From this we finally deduce
a contradiction with the size of C.

|IC| = |L|+ |S¢| >rmn+rn—1=2rn—1>2rk — 1.

We are now ready to prove Theorem |5.1

Proof. We know that GG contains a path on 2rk vertices. By Proposition (1) we know
that both endpoints of the path are in S, thus after trimming the endpoints we get a

=uPv on 2rk — 2 vertices such that u,v € L.

The neighbours of v and v outside P cannot lie in L and they cannot have L-
neighbours outside P, since otherwise we would have a path on at least 2rk — 1 vertices
with both endpoints in L, contradicting Proposition (2).
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Define Wi = N(u) \ P and Wy = N(v) \ P. It must hold that W; N W, = (), because
if there were a vertex w € Wy N W, the cycle u?vw would contradict Proposition

(4).
We now bound the number of edges between the set {u, v} and P. There cannot be a
vertex w € P such that both edges uw and vw™ are present in GG, because then the cycle

<_
uw?vw‘ P u would contradict Proposition (5). Using a simple pairing argument we
infer that there are at most |P| — 1 < 2rk — 3 edges between {u,v} and P. Thus,

Wi |+ |[Wa| > 2k — (2rk — 3) = 2k — 2rk + 3.
Now we can use Lemma to bound the size of N(W; U W5). We have
|N(W1 U Wg)l > 7‘|W1 U W2| = ’I“(|W1| + |W2|> > T‘(Qki —2rk + 3) (51)

Now let D = (N(Wy) \ u)~ U (N(W3) \ v)T. At first note that D C S. Indeed, if there

%
were a vertex w € N(u) and its neighbour ¢ such that ¢~ € L, the path ¢~ Puwt?v of
length 2rk — 1 would contradict Proposition (1). Thus DN N(Wy U Wy) = 0.
Finally we observe that N (W)™ N N(W,)* = (. Indeed, if there were w € P such

that wt € N(W;) and w™ € N(Ws), we could find a cycle usw* Putw™ Pu of length
2rk — 1 contradicting|5.3| (4). Consider the mapping from N(W;UW;) to D that assigns
each vertex from N (W) \ u its predecessor and each vertex from N (W3)\ v its successor.
This mapping is injective and its image is disjoint from its domain. Hence we can bound
the number of vertices of P as follows:

|P] = [N(WyUWa) U(N(Wi) \u)” U(N(W2) \v)|
> |IN(WLUWy)| 4+ [N(Wy U W,)| —2
=2IN(W; UW,)| —2
> 2r(2k — 2rk + 3) — 2 = 4rk — 4r°k + 67 — 2
=2rk — 2+ 2rk(1 —2r) + 6r > 2rk — 2,

so P is a path on at least 2rk — 1 vertices, a contradiction. O

5.2 Proof of Theorem 5.2

To give an intuition behind the algorithm, we start by stating the well-known algorithm
of Erdés and Gallai that can be used to verify that the Erdds-Sés conjecture holds for
paths via Lemma [2.2

Theorem 5.4. There is an algorithm that for a graph G finds its path of length
min(20(G) + 1, |V(G)]) in time O(m).

Proof. We provide such an algorithm. In the ith step of the algorithm we have found a
subgraph T; C GE| that is either a path or a cycle. We do the following:

1. Suppose that T; = u?iv is a path on at most 2§(G) vertices. If there exists a
vertex w & T; adjacent to either v or v, we prolong 7T; by adding to it this adjacent
vertex. If there is w € T; such that uw and w™v are edges in G we define T}, as
the cycle u?iw*v?iwu. If neither of these cases occurs we get by a simple pairing
argument that deg(u) + deg(v) < |T;| — 1 < 26(G) — 1, a contradiction.

I'Note that for notational convenience we use the same symbol both for a path and a cycle which is
a difference compared to the notation from Chapter
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2. Suppose that T; is a cycle not spanning the whole G. Then we find a vertex a ¢ T;

adjacent to a vertex w € T;. The desired path 7;; is then aw T ;w™.

The algorithm starts with an arbitrary edge uv and stops when the path/cycle T; has
length min(26(G), |V (G)]). The number of steps is at most twice the number of vertices
of the final path.

If we use suitable data structures, the time complexity of each step is either O(6(G))
or O(6(G)) + deg(v) if we add a vertex v to T;. Thus, the total time complexity can be
then estimated as

O(B(G)? + Y deg(v)) € Ond(G) +m) € O(m).

veG

]

We are now ready to prove Theorem [5.2] Prepare for the worst. At first we give
its high-level overview. Then we introduce invariants that will be preserved during the
run-time of the algorithm and sketch the necessary data structures. We continue by
describing the algorithm as a sequence of steps. In the end we at first bound the number
of steps executed by the algorithm, thus proving its correctness, and finally deduce that
its time complexity is, indeed, the one advertised above. Because specifying all the
details of the algorithm would be quite tedious and it is far from the aim of this thesis
we knowingly omit several implementation details and encourage the interested reader
to fill in the gaps.

Overview The algorithm we are going to sketch follows the proof of Theorem and
we will several times refer to specific places in its proof. The algorithmic idea is the same
as the one behind the algorithm from Theorem More specifically, we work with a
subgraph T; C G that is either a path or a cycle and we gradually try to make it longer
in a greedy manner. However, there are several additional difficulties:

e Although we still without loss of generality assume that 2rk € N we can no longer
assume that G is a minimal counterexample. Thus, in each step we rather work
with a graph G; C GG. Sometimes we get (G;.1 by erasing several edges or vertices
of G; while maintaining that each such G; is an (r, k)-LKS graph.

e We will have to consider more cases than in Theorem[5.4l Sometimes it can happen
that we only replace a vertex from our path/cycle by another one and it may even
happen that the size of T} is reduced. In one specific case we forget the whole T;
and start anew from the beginning. Thus, to bound the number of steps of the
algorithm, we introduce several invariants and use amortisation arguments.

e Because we aim for linear time complexity, we cannot afford to start the search for
the desired path every time we delete some vertices or edges from G;. Although we
will never erase a vertex from 7; it may well happen that a vertex inside T; becomes
an S-vertex and thus T; contains an edge between two S-vertices. This forces the
following technical difficulty: it will no longer hold that there are no edges between
S-vertices of GG; but there can be such edges only between consecutive vertices of
T;. Fortunately, this technical issue does no affect the analysis of the algorithm
significantly.
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The algorithm works in steps and for the sake of the analysis of its time complexity
is divided into two epochs. Each step consists of finding desired Configurations from
Theorem that we, for the sake of clarity, group into short procedures that we call
Configurations. Each Configuration is successful if we manage to find T;,; during the
course of the procedure. The overall structure of the algorithm can be found in Figure
If we succeed in finding one of the desired Configurations we update our path/cycle
as well as other corresponding data structures. If we do not find any desired improving
Configuration, we delete several vertices or edges from G; or we delete several edges
between S-vertices contained in Tj.

We will show that the time complexity of most of the steps scales with k£ plus the
sum of degrees of L-vertices from T;,; \ T; plus the number of deleted vertices and edges
from G;. The exceptions are the steps in which we run Configuration 3 and those will
be treated separately.

Data: An (r, k)-LKS graph G

Result: a path P embedded in G on 2rk + 1 vertices
Epoch 1: while |T;| < 2rk + 1 do

if T; is a path then

run Configuration 1, if successful then continue;
run Configuration 2, if successful then continue;
run Configuration 3, if successful then continue;
erase all vertices from Uj;;

else

if N(P,)\ U; is not empty then

run Configuration 4, if successful then continue;
erase several leaf-neighbours of a vertex not in Tj;
else

compute the ratio 7" of number of L-vertices in the graph T; U U;;
if 7/ > r then goto Epoch 2;

delete all vertices from T; U U; and set T;, 1 = ();
end

end

end
Epoch 2: while |T;| < 2rk + 1 do
if T; is a path then

‘ run Configuration 1 /* always successful */
else
‘ run Configuration 5 /* always successful */
end

end
Algorithm 1: The algorithm from Theorem [5.2

Notation, invariants, data structures We use the following notation. The set of
L-vertices of G; is called L;, its set of S-vertices is S; and n; := |[V(G;)|. We denote
by U; the set of neighbours of 7; such that all their L-neighbours are in 7;. Note that
all vertices of U; are S-vertices. Following invariants will hold during the course of the
algorithm.
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1. T; contains at least one L-vertex. If T; is a path then both of its endpoints are
L-vertices.

2. G, is an (r, k)-LKS graph. We do not require G; to be connected and there can
be edges between its S-vertices but such are always between consecutive vertices
of T;.

3. (Ti\Tix1)NGiy1 C Sip1 and (U; \ Uir1) NGiypq = 0. In other words, vertices erased
from T; are always S-vertices in the new host graph and a vertex can get off the
set U; only by being erased from Gj.

4. At least one of any two consecutive vertices of T; was an L-vertex in the step j < @
in which it was added to T;.

5. |Us| < 2k.
6. In Epoch 1 if T} is a non-empty cycle then the set N(T;) \ (U; UT;) is non-empty.
7. In Epoch 2 all L-vertices of G; are also in T;.

We will not argue separately for each invariant that it holds during the whole course
of the algorithm. We encourage the reader to do so after she reads the description of the
algorithm.

We continue by sketching main data structures that we are going to use. The
main structures needed will be several lists — each v € V(T;) stores the following lists:
Neighbours containing all neighbours of v, LNeighbours containing all of its neighbours
in L , TNeighbours containing all neighbours in T;, and finally LL* Neighboursl and
LL~ Neighbours. Each v € U; stores the list of its L-neighbours such that their predeces-
sor on T} or their successor on T;, respectively, is also an L-vertex. There is also the list
Tvertices containing the vertices of T; sorted according to their order in 7; and several
others. For each list we also store its inverse counterparts. This means that every vertex
has lists with information, for what other vertices it is in their list Neighbour, TNeigh-
bour, ... One can observe that we can add or delete vertex u from T; or erase several
incident edges and change its state to an S-vertex or erase the vertex entirely from Gj,
and updating the corresponding information in all lists can be done in time O(deg(u)).

If we change the state of a vertex from L to S we change appropriate data structures,
erase edges connecting the vertex to its S-neighbours (unless they are its neighbours in 7;)
and we also recursively check all of its S-neighbours and potentially do the same. Observe
that the amortised cost of all of these operations is bounded by O(3 ¢, deg(v)) = O(m).

Epoch 1

In the next two sections we finally give a description of the algorithm. At several places
we refer to the proof of Theorem 5.1l Delete all edges between S-vertices of G and
continue by repeating the following steps until the size of T; is sufficient or until we
proceed to Epoch 2. If T; is empty, we define T;,; as an edge between two L-vertices

(the case, when there is none, is easy). Suppose that T; is a path. Set T'; = uT ;v.
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Configuration 1 If there is an L-neighbour w of w or v, respectively, we set T}, =

wu?iv or Tiy, = u?ivw, respectively. If this does not happen, but there is an S-
neighbour w of u or v, respectively, such that w has an L-neighbour ¢ outside of T}, we

set T; 1 = twuT ;v or T; 1 = uT ;vwt, respectively. If there is w € T; such that there

are two edges uw and vw™ in G;, we set T;; as the cycle uw?ivw* ;u. With some
care the whole process can be done in time O(k).

Configuration 2 If there are w € N(u) N U; and t € T; such that wt is an edge in G;

and, moreover, t~ is an L-vertex, we define T}, as t*?iuwt?iv and similarly for the
other case. The existence of such Configuration can be checked in time O(k) if we use
the lists LLTNeighbours1, or LL~Neighbours, respectively.

Configuration 3 In this Configuration we search for three vertices s, ¢, and w such
that s € N(U)NU;,t € N(v)NU;, w € T; and, further, swt and tw™ are edges of G;. In
this case, we get a cycle Ty, as ulT ;w tvT ;wtsu.

The existence of such Configuration can be checked in time O(k+|e(U;, T;)|) = O(rk?)
by at first enumerating the L-neighbours of N(u)NU; and labeling those L-vertices and
then enumerating L-neighbours of N(v) and checking whether their double successor is
already labeled.

If we were not successful in any of the preceding Configurations, we observe that we
can follow the arguments from Theorem [5.1) and get that r|U;| > |T;|. If this inequality
is, indeed, satisfied, we delete the whole U; while keeping the LKS property of G;iq
(Lemma [2.3)).

We continue with the case when 7; is a cycle. If the set N(T;)\ (U; UT;) is empty, we
check in time O(k), whether the proportion of L-vertices to all vertices in the component
of GG; induced by T; U U; at least r. If it is so, we delete all other vertices of G; and
proceed to Epoch 2. Otherwise we delete all vertices from T; UU; and start again with an
empty T;11. Invariant [f] ensures that the number of L-vertices of G that we have deleted
is proportional to the size of T;. The graph G, is still an (r, k)-LKS graph. Now we
assume that there is a vertex u ¢ T; with a neighbour in v € T; but N(u) € T;. In the
following Configuration we create a path T}, containing u, or erase all neighbours of u
that are not in 7.

Configuration 4

Suppose that v has an L-neighbour w ¢ T;. Now consider path wuv?iv* of length
|T;] + 2. We trim all the S-vertices from the end of this path and possibly delete some
edges between S-vertices that were contained in 7;. We set T}, to be this resulting path.
Note that either we have trimmed at most one vertex and 7}, is longer than 7; or the
number of trimmed vertices is proportional to the number of deleted edges between two
S-neighbours in 7;. Every S-vertex from N(T;) \ (U; UT;) has an L-neighbour outside
of T;. Therefore, we further assume that u is an L-vertex with no L-neighbours outside
of T;. If u has an S-neighbour w ¢ Tj, it is either a leaf or it has another L-neighbour
t ¢ T; (neighbours in T; would give the previous Configuration). If it has such neighbour
t, we solve this Configuration analogously to the first Configuration of this Configuration
using the path twuv%iv_. If u has a neighbour w in T} such that w* or w™, respectively,
is an L-vertex, we get T;,1 as a path ww T ;u™ or uwT ;u~, respectively. If both v+ and
vt are S-vertices, we define T}, as the path uv?ﬂfr without the consecutive sequence
of S-vertices at the end of it. We delete edges between S-vertices. Such path is shorter
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than T; but the number of trimmed vertices is again linear in the number of deleted
edges between S-vertices from T;. We proceed in an analogous manner if both v~ and
v~ are S-vertices. If we do not find any of these Configurations, there are no two
neighbours of u in T; that are at distance one or three apart. We finally deal with the
case when two neighbours of u in T} are at distance two apart. If we have v € T; such
that u is incident both with v and v+, we define T;,, as the cycle vuv**?iv that is of
same length as the cycle T; but possess more L-vertices. Note that both v and v™" are
L-vertices, otherwise we would get the preceding Configuration. Further we may assume
that any two neighbours of u in P! are at least at distance four apart. Now we use the
arguments from the first part of the proof of the statement 5 of the Proposition [5.3] that
there are at least 1/r leaf neighbours of u. We delete this set of leaves and keep G;;1 an
(r, k)-LKS graph according to Lemma
All this can be done in time O(k) plus the degree of potentially added L-vertices.

Epoch 2

The Epoch 2 is conceptually similar to the first one. We know that all L-vertices of G; lie
in T;, which means that G; has to be small. Specifically, 2rk > |T;| > |L;| > rn; implies
that n; < 2k. Furthermore, we get that |S;| < (1 —r)n; < 2(1 — r)k. If T} is a path we
proceed in the same manner as in Epoch 1 but we always succeed in Configuration 1,
because otherwise we would have |.S;| > [(N(u)UN (v))NU;| > 2(1—r)k+3 contradicting
the preceding inequality.

If T} is a cycle and contains at least one consecutive pair of S-vertices, we delete the
whole interval of S-vertices in 7; containing this pair, making 7;,; a path. Note that
the number of vertices trimmed from 7; is then linear in the number of deleted edges
between S-vertices from T;. Otherwise we proceed with the last Configuration.

Configuration 5 If there are two vertices u,v € T; such that u,u*,v,vt € L; and
moreover there is w ¢ T; incident with both u and v we define T;,; as the path
+?iku?iv+.

If this does not happen we can follow the proof of Proposition parts 4b and 5b
and infer that we either get a longer path T;,; (part 4b) or get a contradiction with the

bound on size of T;. All this can be done in time O(k).

u

Time complexity analysis

We will at first bound the number of steps done by the algorithm. Note that whenever
we deleted vertices from T}, except of Configuration 3, we argued that the number is
proportional to the number of deleted edges between two S-neighbours in 7;. Because of
invariant [4 we, thus, get that the overall amount of vertices deleted in all of these steps
is O(]L|) and the number of these steps is also bounded by O(|L]).

This means that the number of steps with |T;41| > |T;] is also O(|L|). Finally, in
some steps we have |T; 1| = |T;| and we have not trimmed any vertices from 7;. Then we
either switched an S-vertex with an L-vertex (Configuration 4) or created a cycle from
a path. Number of steps of the first kind is at most |L| because of invariant . Finally,
there cannot be two consecutive steps of the algorithm of the second kind, so we finally
get that the overall number of steps done is O(|L|). This also concludes the proof of
correctness of the algorithm.
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Now we analyse the complexity of steps of the algorithm. Note that, as we mentioned
earlier, the complexity of all deletion operations can be amortised and its time complexity
sums up to O(m). Now let us consider all steps of the algorithm in which we do not
execute Configuration 3. All other Configurations and updating of used data structures
spend time proportional to k plus the sum of degrees of L-vertices added to T;.;. By
invoking invariant [3| we conclude that the overall time complexity of all such steps is
O(|L|k) C O(m).

It remains to deal with the steps in which we executed Configuration 3. At first note
that this means that we are analysing only the first Epoch. Further, when we, after
the unsuccessful execution of Configuration 3, decided to erase S-neighbours of u and
v, the time spent on the procedure is proportional to the number of erased edges and
can be, thus, amortised in a straightforward manner. From now on let us consider only
such steps that ended by successful execution of Configuration 3, thus setting 7;,, as
the cycle created from the path T;. We will call these steps bad steps.

Each bad step runs in time O(rk?). We claim that between every two consecutive
bad steps we have added at least (1—2r)k vertices to U;. For this we invoke the following
observation: if T} is a cycle and in steps j,j+1, ..., 5" we do not execute Configuration 2
(thus, we do not execute Configuration 3 neither) then 73, j < i < j is either a cycle or a
path with at least one endpoint outside 7j. This can be seen by checking the procedures
Configuration 1 and Configuration 4. Note that this observation fails for Configuration
5 which is the reason for dividing the algorithm in two Epochs. When we are executing
Configuration 2 we know that both endpoints of T; have at least (1 — 2r)k neighbours
in U;. But we know that the neighbours of the endpoint that was not in 7} could not be
in U;, thus |U; \ U;| > (1 — 2r)k.

Therefore the number of bad steps is at most m + 1. Thus, the overall time spent
on all these steps is O(7=5- 7% - rk?) = O(Z5nrk) = O(25m). For r = 1/2 we still

get complexity O(m + |L|rk?) = O(mk). This finishes the analysis of time complexity.
Finally note that the space complexity is linear even for r = 1/2.
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Chapter 6

Conclusion

The thesis may be seen as an illustration of the remarkable power of the celebrated
regularity lemma. Indeed, this deep result allows us not only to understand the structure
of dense graphs, but also to apply this knowledge to solve various problems that seem
otherwise hopelessly unapproachable. Embedding trees is certainly one of such problems.

The sparse decomposition of Ajtai, Komlds, and Szemerédi [HPST15] shows, how an
extremal graph theoretical question may lead to a general structural result. Hopefully,
the results of the thesis will also eventually lead to better understanding of the structure
of graphs.
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